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Abstruct
The (G'/G) -expansion method, for solving nonlinear evolution equations is

reviewed and applied to solve selected equations, which have positive integer
homogeneous balance number. For the equations with non integer homogeneous
balance number, we suggested an approach to write a transform to reduce the
homogeneous balance number to a positive integer, and as an application, we apply
this approach successfully to find a traveling wave solution to the general KdV
equation for p =3. For both cases and with help of Maple tools, we compared our
results with the results obtained by other methods. Theses study show that this

method is an effective method, and can be used to solve many types of nonlinear

evolution equations.



Introduction

The solution of nonlinear evolution equations (NLEES), which is an equation on a
continuous time variable t , are significance in mathematical physics and becomes
one of the most exciting and extremely active areas of research investigation. In the
several decades ago, many useful methods for obtaining exact solutions of (NLEES)
have been presented, such as the inverse scattering method (Ablowitz &
Clarkson,1991), the Hirota's bilinear transform method (R. Hirota, 1971 &
Yan,2011), the Backlund transformation method( Mimura, 1978, Rogers &
Shadwick, 1982), the truncated Painlevé expansion method(Weiss, Tabor &
Carnevale, 1982, Zhang, Wu & Lou,2002), the sine-cosine method
(Wazwaz,2005), the homogeneous balance method( Wang, Zhou& Li,1996), the
tanh-coht method ( Malfliet, 1992, Abdel-All, Abdel Razek &Seddeek,2011), the
direct algebraic method( Soliman & Abdo,2009), the Jacobi elliptic function
expansion method( Liu, Fu, Liu & Zhao,2001, Yan, 2003), the F-expansion method
( Wang & Zhou, 2003, Wang & Li, 2005), and the exp-function expansion method
( He & Wu,2006). However, most of these methods used to solve the (NLEEs)with
constant coefficients and in recent years, the (NLEEs)with variable coefficients are
studied.

Recently, proposed the (G '1G )-expansion method to find travelling wave solutions
of NLEEs. These method is based on the assumptions that the travelling wave
solutions can be expressed by a polynomial in(G'/G ) ,where the function G = G(¢)

satisfies a second order linear ordinary differential equation, by which the travelling
wave solutions involving parameters. The travelling wave for special values of these
parameters gives the solitary wave solution. The travelling wave solution is
expressed in term of hyperbolic functions, trigonometric functions and rational
functions( Hunter,1996).

In chapter one, we reivewedthe (G 'IG )-expansion method and apply the methed

on some selected (NLEEsS).



In chapter Two, we we,introduced the general form of the KdV equation and

solve the equation for p=1.

In chapter three,we applied the (G'/G)-expansion method on Boussinesq's

equation and variant Boussinesq's equation.

In chapter four, we applied the (G '1G )-expansion method to thE general KdV

equation for p =3.



Chapter One
The (G'/G) Expansion Method

In this chapter, we reivew the (G'/G )-expansion method for solving the nonlinear

evolution equations( Hunter,1996). And, apply the method to find travelling wave

solutions for selected nonlinear evolution equations.

(1.1) The Method
To introduce the (G'/G )-expansion method( Wang , Li & Zhang, 2008), we first

define the nonlinear partial differential equation

P (U, Uy Uy Uy Uy o) =0, (1.2)

In (1.1), P is a polynomial in u(x,t)and its partial derivatives, in which it involves

highest order derivatives and nonlinear terms. To solve (1.1) by using the (G '1G )

expansion method, we follow the steps:

Step (1):

First, we introduce the traveling wave variable

u(x,t)=u(é), <&=x-Vt, (1.2)

And then using (1.2), with the chain rule, we reduce (1.1) to the following ordinary

differential equation

F (U)W GV (&), (@) U7(),..) =0, u<”(5)=d:j“9§?, 13)

where V is the speed of the traveling wave and F is a polynomial in u(§)and its

derivatives.



Step (2):
Then, we suppose that the solution of the ordinary differential equation (1.3) can be

expresse by a polynomial in (G '1G )of degree m of the form:

(&)=Y (G'IG) . (1.4)

i=0

In (1.4), m is a positive integer called the homogeneous balance number, which
determine by considering the homogeneous balance between the highest order

derivatives and the highest nonlinear terms appearing in (1.3), and the function

G =G (;) satisfies a second order linear ordinary differential equation of the form:
G"+AG "+ 4G =0, (1.5)

where 4, g and ¢;; (1=0,1,2,...,m) ,are constants to be determined provided that

a. #0.

m

Note that, in the case, when the homogeneous balance number m is not a positive

integer (Zayed & Alurrfi, 2014), we use transformation
u(€)=a"($) (1.6)

For example the general KdV equation, u, +(p+1)(p+2)uu, +u,, =0, p=3, has

homogeneous balance number m=2/3,in this case,we follow (Drazin & Johnson,
1983), and used the tranform (1.6).

Step(3):
Next, we substitute (1.4) into (1.3) and make use of the second order equation (1.5),

then collect all the coefficients of (G'/G ), which reduse (1.3) to a polynomial in



(G'/G). Then the resulting is a system of algebraic equations of V,4, » and

a; (i=012,..,m).

Step (4):
We calculate the constants V, 1, x4 and ¢;; (i=0,1,2,...,m) and substitue of these

values into (1.5) and solve it. At the end, by using (1.4), we get exact solutions of

the nonlinear evolution equation (1.1).

(1.2) Numerical Examples
In this section, we apply (G '1G )-expansion methodto selected non-linear evolution

equations.

Example (1.1): Consider the Burger’s equation (Drazin & Johnson, 1983)
u, +uu, —-u,, =0 (1.7)
Using a transformation (1.2), then (1.7) reduce to the ordinary differential equation
Vu'+uu'-u"=0, (1.8)
which by integrating , will reduce to

C -Vu +%u2—u':0, (1.9

Hence the homogeneous balance between u? and u’is (2m =m +1=m =1). To

find the general solution of the equation (1.8), we use (1.5). Now for m=1, (1.4)

reads

u(é)=a,+a(G'1G), (1.10)



To substitute (1.10) into (1.9), we calculate

U'=a,(G'IG) =al(%6$j:al((e"/e)—(e'/e Y)

Then, by using (1.4), we can write
G"=-1G'— G

This reduce (1.11) to
U'=-a(G'IG) ~aA(G'IG ) -au

Then, by using (1.10), we can find u? as following
u?=[(G'1G)+a, | = (G'IG )’ +2a,0,(G'IG )+

By substituting (1.10) ,(1.13) and (1.14) into (1.9) we obtain

C -V (al(G'/G)+a0)+%(af(G'/G ) +2010,(G'1G )+ a5 ) -

(-eu(G'16) - a2(G"1G )—al,u):O

which can be simplify to

(a2 (616 ) + (@ @+ a2) (6 /6)

+C -V ¢, +%a§ +o,u=0

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)



Equating each coefficients of (1.15) to zero, yields the system of algebraic

equations:

C—-Ve, +%a§ +a,u=0
oy Vo, +oA=0 (1.16)

1
o, + Eaf =0
Solving these system of the algebraic equations for ¢, V and C

a1+%a12:0—>2a1+a12:0—>a1:—2, hence o, #0
oy, N o +aud=0—>2a,+N -21=0-5V =a,+1 , (1.17)

C —/Iao—a§+%a§—2,u:O—>C :/1a0+%a§+2,u, o, =a,

And 2, pand «a, are arbitrary constants.
Then (1.10) become
u(¢)=-2(G"/G)+ay, E=X —(ay+ A, (1.18)

Now, the auxiliary equation of (1.5) has the roots

14+ 2 _
m,, = AENA —4u (1.19)

12 — 2

For the solution of (1.5), we have the follwing cases

Case (1) A*-4u=aw’>0

For this case we have



A @ o
G =e 2(;(cle 2 +C.e 2 5), (1.20)

and
elo, % @ TRe) A Ge % T2
G'=e? ?1cle2 —écze 2 —Ee 27l ce? +ce? (1.21)
This gives
A @ —o Y o
e 2 ﬂcle Zg—ﬁcze 2 g—icle 2g—icze 2°
’ 2 2 2 2 s
(G'1G)= 9 o o (1.22)
e 2‘gy[cle 2‘5+cze 2 gJ
And, by using
@, ) o @, W -3¢
cosh?§+smh?§=e , cosh;f—smh?§=e , (1.23)
we can write
©'16) P clcosh%§+clsinh%§—czcosh%§+czsinh%§ (129
[ =44 .
2| ¢ cosh @ &c, sinh @ & 4c coshﬂg—c sinhﬁé
1 1 2 2
2 2 2 2
Next if we set
B,=c +c¢c,, B,=c -c,, (1.25)

Then, (1.24) can be written in the form



B,sinh—*&+B,cosh-—1 &
(G’/G)z—i+% 2 2

Blcoshﬁ§+stinhﬁ§
2 2
or
G'16)=-2+% K,
2 2

where

’ 2 _ , 2 _
Blsinh/124ﬂ§+Bzcosh/124ﬂ§
K,=
’ 2 , 2
Blcosh/ﬁt24ﬂ§+BZSinh;tzlwgg

Now the solution (1.18) has the form
u($)=-oK,+1+a,,

or
u (§)=—MK1+/1+050

If, we take B, #0, B, =0, then (1.30) reads

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)



1//12—4;1 —W?-M
. 2_ e 2 k] _e 2 S
u(&) =—JA*—4u e 7,:/1274”5 +A+q,
2

dpu
¢
g 2 +e

This leads to

e«M—M; 1

U(C):—w’ﬂ 4#{@}4‘14‘0[0

(=2 —aue e g 27—y )
- Ro=r +A+a,

A e AR a4+ a0V f e g
B gV ams 1

and the solution is

(/’t+a0 —\//12 _4ﬂ)e¢42_4#§ +(\//12 ~4u +/1+a0)

u(¢)=

2 , (1.31)
Vit 4 g

Case (1) A*-4u=-w,<0 = w, =4u—A°.

For this case we have the solution

_A
G =e f[cl cos\/g)_zgmzsin@g], (1.32)

And

10



G':e_ig{—@c sin&g@ \/Z—C COS\/;?]

1 2 2
(1.33)
7 c cos\/a)_2§+c sm\/_g ,
2 2 2
This gives
- . Q. Q.
e 2 |- chin\/_2 +¥2¢ cos V2
( g GsNT et TG 2 5}
e? [c cos\/g)_2§+czsm \/;0—25
(G'IG)= (1.34)
e? (c cos\/2_§+c sm\/_zfj
If we set (1.25), then we have
2 B COS\/;)—Zf—BlSin\/ZTzf
(G'IG) =——+ D (1.35)
B cos\/_2§+stin\/;)_2§
Then (1.35) can be written as:
6116) =2 412 ¢ (1.36)

where

11



Bzcos\/w_zg—Blsin\/;)—zf

2
K,=
Blcos\/g)_2§+823in \/;0—25

Then the solution (1.18) become
U(¢)=—Jm, K, +A+ay,

and by using @, =4u— A%, we can write the soltion in the form

u (g):—,/(@—ﬁ) K, +A+a,

Case (I11) A*—4u=0
For this case, we get the solution

A 2
G =cge?

“yc,de
And

Y - =)
G'=——cge ? +Cce 2 ——C,ée 2
2 2

This gives

_ic +C _ic é:
1 2 2
Cc,+C,¢ 2 C,+C,¢

Then the solution (1.18) reads:

12

(1.37)

(1.38)

(1.39)

(1.40)

(1.41)

(1.42)



U()=——22 4 ita, (1.43)

Eexample(1.2): Consider the celebrated Zakharov-Kuznetsov-Benjamin-Bona-
Mahony (ZK-BBM) equation (Shakeel &Mohyud-Din, 2015)

u, +u, —2auu, —bu,, =0 (1.44)
Using a transforme (1.2), then (1.44) reduce to the ordinary differential equation
Vu'+u'—2auu’-b(-V u”=0 (1.45)
By integration (1.45) with respect to &, we find

C -Vu+u-au®+bvVu"=0 (1.46)

Considering the homogeneous balance between u” and u? in (1.46) hence

2m=m+2=m =2). Inthis case (1.4) reads

u (§)=22:ai (G'IG) =ay+,(G'IG )+, (G'IG ), a,#0 (1.47)

i=0

which can be written in the form

13(£)=] (616 ) +&,(G'IG ) +ay |
=a?(G'1G) +2040,(G'IG )’ (1.48)
+(0{12 +2a1a2)(G’/G )2 +20,0, (G'1G )+

By using (1.12) and (1.47), we can find

13



U'=-20,(G'IG) ~(20,A +,)(G'IG )’

(1.49)
(A +20,1)(G'IG ) -yt
U"=6a,(G'/G )" +(10a,4 +2a,)(G' /G’
+(8a, 1+ 3,4+ 40,27 )(G'1G ) (1.50)
+(6a2/1,u+2al,u+al/12)(G '1G )+ e Au+ 2a,1°
By substituting (1.48), (1.50) and (1.47) into (1.46)
C -V (@,(G'1G) +&,(G'/G)+a,)
H@, (616 ) +e,(G'1G ) +ay)
@’ (G'1G)" +2a,0,(G'IG)
+(a12 +2ala2)(G '1G )2 +2040,(G'IG )+ o
6a,(G'/G)" +(10a,2 + 20, )(G'IG )’
bV | +(8a,p+3a, 4+ 40,27 ) (GG ) =0
+(6a2/1,u +2a,u+ al/iz)(G '1G )+ g Ap+ 20,147
Or
CVa,(GIG)Va(GIG)Va+a(G'IG)
+0,(G'/G )+, -aa*(G'IG ) —2aa,a, (G'IG )’
—a(af +20,0,)(G'1G ) - 2ac,, (G'1G ) -ae;
bV 6a, (G'/G)' +bV (102,42 +22,)(G'/G )’ (151)

bV (8ar,u+ 344 +40,4%)(G'IG )’
+bV (6, u+ 20,1+ 2,47 ) (G'1G)
+bV a du+2bV a,u?) =0

By equating each coefficient of (1.51) to zero, we have the system of algebraic

equation as following

14



C -V a, +a, —aal +bV a,Au+20V a,u’ =0,
V o, +a, — 2aa,a, +6bV a,Au+2bV apu+bV oA =0,

V a, +a, —aa —2aa,a, +80V a,u+3bV oA +4bV a,A* =0, (1.52)
—2ac,a, +100V a,A + 20V o, =0,
—aozz2 +6bV a, =0,

and by solving the algebraic equations (1.52) for «,,a;, ¢,V , A, zzand C , we get

—aa’ +6bV a, =0 >aa, =6bV —a, _ 6oV,
’ a

ebV

—2a¢, (——) +10bV (6b—v)/1+2bv alzo—ml:M.
a a a
This leads to
V=— -1 :
BbA 12041 +8o -1
then,
—6bA —6b
o, = 2 a, = 2
a(ébA°-12bA+8bu—1) a(ebA®-12b A1 +8bu—-1)
212 2. 2
C—agl—a,- o, (6b A% +12b° 11%)

B0A2—1204+8u—1 a(6hA’—1204+80u—1)
and 4, pand ¢, are arbitrary constants.

Then (1.47) be:

15



—6b

u(s)= G'IG) -
(¢) a(6b/12—12b/1+8by—1)( )
(1.53)
. 6o (G'IG)+a,, {=x+— ! :
a(6b A’ —12b 1 +8bu—1) 6bA%—12bA+8bu—1

Case (1) A*—4u=w’>0

By using (1.23), so (G'/G ) be:

C, cosh%§+clsinh%§—c2 cosh%ém2 sinh%f

)= 4

G'IG
( 2

clcosh%g@clsmh;g@czcosh;lf—czsmhzlf
Also , from (1.25) we get

. ), ,
B,sinh—=+&+B,cosh—+¢&
(G’/G)=—£+ﬂ 2 2

2 Blcosh%§+stinh%§

By using (1.28) then (1.53) be

16



g
a(6bA* —12b A +8b 1) !

6b A [ﬂ
2 2

@y
- -——+—=K, [+,
a(6b A2 —12b 4 +80 u—1) 1) %

2 2
u(¢)= . —6b A—+ﬂK2—M)1K1
a(6b?—1202+8bu-\ 4 4 2

6bA ( i o

- 7 - -——+—=K, |+,
a(ebA -12bA+8u-1)\ 2 2

or

4(0)= —6b 22 B 6b o’
4a(6b A% 1204 +8bp—1) 4a(6bA2—12b4+8bu—1)

<2 2 6b e, K.+ 2 6b 1
" 2a(6b A% —1204+8bu—1) ' 2a(6bA%—1204+8b 1)

ob A,
" 2a(6b A2 —120 4 +8b 1 —1)

K, +q,

Then

u(¢)= D + o — il K2
2a(6b A’ —12bA+8u—-1) ° 4da(6bA’—12bA+8pu-1)

So

17



0 (&)= DL o
2a(6bA? 12021 +8u-1) °

(1.54)
(A,
4a(6b A’ —120A+80pu-1)

Case (1) A*—4u=-w,<0

For this case we have the solution

G ez[ccos“ 2 £+, sm\/_ J

(J_CS,nJ_§+J_CCOSJ_]
i elFeanfS)

b (—“_a)z o sin Y2 g TP ¢ cog N2 §J—
2 2 2 2
Ee i (c cosY 2 §+c sin “ J
e 7 [cl cos*'_zw2 §+czsin“'_2w2 f}

(G'IG)=

If we set (1.25), then

18



V Do g _ Bsm"za’g
N §+Bsm*‘2 &

——| B, cos
(G’/G):—%+V 2“’2

B, cos

By using (1.37) then (1.53) be

2
2t

u =
(€) a(6b A2 —120 4 +80 u—1)

2
6b A A -,
- 5 -——+ K, |+,
a(6bA*-12bA+8bu-1)| 2 2
— 2 -
0(O) i LAl L
a(6b1>—1201+80u-1)| 4 2 4

6b A L—%+ V"% Kz]ﬂz0

a(6bA’—12b A +8b 1) 2

Or
—6b A2 eb A
u(¢)= ; ; K,
da(6b A -12bA+8b 1) 2a(6b/1 —12b/1+8by 1)
6b w, K24 b A
4a(6b/12—12b/1+8by 1) K, 23.(6b12 -12bA+8bu-1)
6b A
> K, +¢,
2a(6bﬂ —12b/1+8b/1 1)
So

19



6b A2 Bbw,

u(g)= . +a, + . K
da(6b A2 —12b A +8b i —1) da(6b A2 —12b A +8b u—1)
Then
u(¢)- DL v
2a(6bA?-12bA+8bu-1) °
(1.55)

B 3 (4°-4u) K 2
2a(6b A% -1204+8bu-1) *

Case (111) when 2> —4u=0

In this case we get two equal and real roots m, =m,. For this case we have the

solution
G=cg 2 +Cc,ée 2
So
i A iy
G'=——cge 2 +ce 2 ——cC,ée 2
Then
—£C1+C2 Czég
(G'/G)=—2
c,+C,¢
Or
(G'1G)=—21 C
2 C +C,¢

Then (1.53) be

20



2
96— S
a(BbA”-12bA+8pu-1){ 2 c,+c,¢

6b A A ¢,
- 7 — |5 +a,
a(Bb A’ —12bA+8bu—1)| 2 c,+C,¢

—6b A e, cl
u (g) - 2 I + 2
a(6bA°-12bA+8u-1){ 4 c,+c,& (c,+C,<E)

6b A A c,
- 7 —| =5 +a,.
a6bA"-12bA+8bu-1){ 2 c,+c,&

0 (¢)- _6b A2 N 6b Ac,
4a(6b A2 -1204+8bu—1) a(6bA? —12bA+8bu—1)(c, +C,&)

B 6c? N Sk
a(6bAZ—1201+80u—1)(c, +¢,E)°  2a(6bAZ—12b A +8bu—1)

6bAc,
_ T - +a,.
a(6b A2 —12b A +8b 1 —1)(c, +¢,&)

DA’
u(¢)= . +a,
2a(6b A —120 1 +8b 11 —1)
- 6bc?
a(6bA? —1201+80 u—1)(c, +¢,&)*

(1.56)
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Chapter Two
The (KdV) Equation

The Kortweg-De Vries (KdV) equation is a nonlinear third order partial differential
equation (Xian, 2015), which introduced by Joseph Boussinesq (1877). Then it
revised by Diederik Korteweg and Gustav de Vries in (1895). In this chapter we
introduce the general KdV equation, then, study the solution of the equation by using

the (G'/G )-expansion method for p =1,(Drazin & Johnson, 1983).

(2.1) The General KdV Equation

The general form of the general KdV equation is introduced by(Drazin & Johnson,
1983), in the form:

u +(p+Y(p+2u’u, +u,, =0, (2.1)

where p=0,1,2,3,... is an integer.

The general KdV equation (2.1) for p=0,1,2 is classify as following:

(1) For p=0, equation (2.1) is known as the linearized KdV equation and has the

form

u, +2u, +u,, =0, (2.2)

which is third order linear partial differential equation.

(1) For p =1, equation (2.1) is known as the non-linear KdV equation and has the

form

u, +6uu, +u, =0, (2.3)

22



(111) For p =2, equation (2.1) is known as the modified KdV equation and has the

form
u, +12u%u, +u =0, (2.4)
which, third order non-linear partial differential equations
Remark (2.1):
In general, the homogeneous balance number of the general KdV equation (2.1), is
given by (2/p).
(2.2). The Solution of the kdV Equation for p =1

Acording to (2.3) and use the wave transform (1.2), the equation (2.3) can be reduce

to the ordinary differential
Au'+6uu’+u” =0. (2.5)
The by integrating (2.5) with respect to &, we get

C Vu+3u?+u”"=0. (2.6)

Which has the homogeneous balance number m = 2_ 2. Now (1.4), reads
p

4(6) =Y (616 ) —ay+,(G'/G )+, (G /G @7)

To substitute (2.7) into (2.6), first we calculate
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0 (£)=[a, (616 +ay(G1G) v |
=a*(G'IG)" +20,0,(G'IG) +a?(G'IG) +
20,0, (G'1G)’ + 24, (G'1G) + &,

which can be written in form:

W (¢)=a’(G'IG) +2a,0, (G'IG) +(af + 224, )(G'IG )’

(2.8)
+20,,(G'IG )+ ag
And by using (1.12) we can write U’ as
u'=-2a,(G'IG) (20,4 +a)(G'IG )’ 29)
—(aqA+20,1)(G'IG )~y
Then (2.9) and (1.12) give
U"=6a,(G'/G)" +(10a,4 +2a,)(G'IG)’ +
(Borpu+ 30,4 + 4,47 (GG ) + (2.10)
(6t Au+ 20,11+ 0, 4% ) (G'1 G) + et Apa + 20,14
Next, we substitute (2.7), (2.8) and (2.10) into (2.6), we get
C-V (261G )2+a1(G’/G)+aO)
2(G"1G ) +2a,,(G'1G ) +(a? +2 G'IG)
3 o ( ) + 20, ( ) +(o¢l + alaz)( ) 2.11)

+20,0,(G'1G )+ ag
6a,(G'1G)" +(10a,4 +2a,)(G'IG ) +
+ (8a2y+3a1/1+4a22,2)(6'/6 )+ =0,
(6, 401+ 20011+, 4% ) (G'1G ) + eyt + 20,117
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Next, we expand (2.11) and collect the coefficits of G'/G, we can write

(3a2+6a,)(G'1G)" +(6ay2, +10a,4 + 201,)(G'IG )’
+(—V a, + 3(0512 + 2ala2)+8a2,u +3a, A +4a,A° )(G "G 2.12)
+(—V o, + 6, + 6, Au+ 20 11+ al/Iz)(G '1G)

+C -V a, +3a +2a,1° + o, A =0.
This leads to the algebraic equations:

C -V o, +30¢ +2a,u° + o, Au=0.

-V o, +6a,a, +6a,Au+ 20, 1+ A =0.

V a,+3(f + 200, ) +8at 11+ 3, A+ A, A7 = 0. (2.13)
6a,a, +10a,A + 20, = 0.

30522 +6a, =0.

Next, we solving the algebraic equations (2.13) to get «,,, o,V , A, uand C as

following:

30’ +6a, =0—> a, =2

60, (—2) +10(-2) A + 204 =0 — —100;, — 204 =0 - o, =24

—V (-22)+6(-24)(-2)+6(-2) Au+2(-24) u+(-24)A* =0

S NA+282 1221 -42u-22° =0 (2.14)
-V =2"+8u-12

C—(A* +8u—12)a, +3al +2(-2) > +(=2A)Au =0

—C-Aa, —8ua, +12a,+3a —4u* -2 u=0
—C =0, (A* +8u—~12—3a,)) + pu(du+22%),

And A, pand ¢, are arbitrary constants.

25



Then (2.7) becomes
u(¢)=-2(G'IG) —24(G'IG)+a,, ¢ =x—(A*+8u-12)t (2.15)

Now, the auxiliary equation of (1.5) has the roots (1.19).

For our equation we have the following cases:

Case (1) 1> —4u =} >0, for this case, we have the solution

A @ —o
G =e 2‘Jy(cle 2 +ce ? 5} (2.16)

A @ o
%e 2‘T(:le?éJrcze 2 {:j (2.17)

The we can wite

A 2] - 21 o
¢ w, = o ) &
e 2| Jce? —_Cce? —ce? —ce?
2 ! 2 ° 27 2°°

A @ -
e - ¢
e ? [cle2 +Ce 2 J

(2.18)

By using (1.23) and (1.25), we can write (2.18) as:
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B, sinh %§+ B, cosh%g

(G'/G)=-24+ (2.19)
2 Blcoshﬂ§+stinhﬂ§
2 2
Then, by substituting (1.28) into (2.19),then (2.7) becomes
A o ? A o
u(;):—Z(—E+?1K1j _2;{_E+?1Klj+a°
2 2
=2 /1—+ﬂK12—MKl -2 —£+ﬂKl +a,
4 4 2 2 2
Then
2 2
u(¢)= A g =k (2.20)

2 2

And, if we take, B, #0, B, =0 then (2.20) reads

2

. @,
2 2| sinh—1¢&
()= va,- % 2"
2 2 coshﬂf
2
A2 o, Lo, A ! @
=" 4o, ——tanh® 2E="_y g, ——tanh® L E+2u -2
2 %7 AR g e ten—eu
This gives

2
u(¢)=a, +2,u+w17(1—tanh2%§).

Then (2.20) reads
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u(¢) :(}“2_74#)[sech2 —Mzz‘lﬂg}r% +2u

which is equivalent to the solution of the solitary wave solution obtained by

Case (I1) 2> —4u=-w, <0, for this case we have the solution

A
G=e? (cl cos@ﬁmz sin@ﬁ}

Also,

+ C, COS
2 12 2 2
Ze? (clcos\/g)_zéwzsm\/_zéJ
Then
e 2 —“/w—zclsin\/a)—z§+ D¢ cos V2 £ |-
2 2 2 2
A
—e 2 (clcos\/go—zgmzsm\/g)_zé
(G'IG)=

Next, by using (1.25), can be written (2.24) as:
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\/angf—Blsin\/;)_zé

B, cos
((5'/(5)=—i+\/“’_2 c 2

Blcos\/w_2§+stin\/;0_2§

2

(2.25)

And by using (1.37) in (2.25). So can be written (2.15) as:

2
u (g):—ZL—%+@K2J —22(—%+@K2J+ao
2 2
:-2{’1———”%2+%KZZJ—2A(—§+\/§K2J+%.

4 2

Then

A2 1)
u(():7+a0—72K22, (2.26)

where, @, = 41— A% .Hence (2.26) reads

(4p—2%) BZCOSW§_BlsinW§ (2.27)

2 Ju—-27)
2

B, cos

E+B sini\/mﬂ_ﬂz)
? 2

4

Case (111) 2> =44 =0 for this case we have the solution

A A

G=ce ? +c,ée 2. (2.28)
This gives

29



_A A A
G’:—Ecle 2§+c2e Zg—gczge 2, (2.29)
Then
A
—-~c,+c,—=cC
G'IG)=—2_ " 2 25:_i+ 2 (2.30)
C,+C,¢& 2 c +c,¢

Then (2.16) becomes:

2
110 ) (LR BAPY | ECN. T P
2 C +C,¢ 2 C, +C,¢

_ A 2% L 24%, , 2Jc,

. + A% - +
2 (c4C,E)" CiHCyE C, +C,¢E

a,.
This gives
2 2
u(¢) SECH A - (2.31)

At the end, we check, our result by using the Maple program tools, which we listed it
Below:
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| > restart

;> with(PDETools) :

> declare(u(x, t), u(xi), ¢(xi), prime=xi)
u(x, t) will now be displaved as u
u(&) will now be displayed as u
®(&) will now be displayed as ¢

derivatives with respect to & of fiunctions of one variable will now be displayed with ' (1)

> Lu(x ) +6un) [ ulx )|+ (L ux ) =0
or u(x, 1) u(x, 1) ( ™ u(x, ]) "~ u(x, 1)
u A+ 6u(x, 1) u_+ =0 )

> eval((2), u(x, 1) =u(x—V-t))
—D(u)(=Vi+x) V+6u(—Vi+x)D(u)(—Vi+x) +DP(u)(—Vi+x) @)

=0
> eval((3), x — V-t=xi)
—D(u) (&) V+ 6uD(u)(§) —|—D(3)(u](§)=0 €)
=> convert((4), diff’)
—u'V+o6uu+u"=0 &)
> int(Ihs((5)). xi) +C=0
—Vu+3u"+u"+C=0 (6)
> u(xi) = D afi] 0 (xi)
i=0
u=o+ o, ¢+ o0 )
> diff (0(xi). xi) =0’ (xi) — 4-9(xi) —p
] ¢=—0 —Ao—p ®)
> diff (7). xi)
w'=o @'+ 20,00 )
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> eval((9). 8))
w=o, (—¢'=1o—p) +20,0 (—0"—Ao—n)
> expand((10))
u*z—0c1¢2—oc17£¢—0c1}.1—2012¢3—20{2¢27&—20c2¢}.1
> diff((11), xi)
H”:_2a1¢¢?_0{1k¢?_60{2¢2¢’_40{2¢k¢?_2OEEQD?M
> eval((12). (8))
w==20¢(—0"—2o—p) —o A (—0"=r0—u) —60,0 (—0 —210
—u) —4o, 0 (0" —ro—p) —20, (-0 —Ro—p)p
> expand((13))
H”:20{1¢3+30{1¢2k+20{1¢U+0{17\'2¢+0{1AM+60{2¢4+100{2(')37\'

+8oL,0 L+40,0 AT +60, AU+ 20,

> eval((6). {(7), (14)}) )
V(o0 ) 13 (o o or ) 200 3o 6

+20 0pt o A0+ o Apt6o,h 100, ¢ A+ 8oL ¢ u+ 400 A
+60, 0 p+ 20, +C=0

=> expand((15))
—Vo,— Vo, ¢— VOL2¢2+3013+6a0011¢+6010012¢2+3ozf¢2+60tl¢3012

+300"+20 0 +30 0 A+20 Ot oA O+ o At 60,0

+100, 0 A+8o, 0 H+do, ¢ A +60,pAp+20,u +C=0
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> collect( {(16)}, d(xi))
{(3oc§+60c2)¢4+(10xoc2+60cloc2+2ocl)¢3+(4foc2—r/oc2+3xocl a7

+8pa2+6aoa2+3al) ¢2+(7&20L1+67£}.10L2—V0c1+20c1}.1

+60coocl)¢+oc17£}.1+20czp‘—Voco+30cS+C=0}

> {(3o§+6a2)=0, (10% 0o+ 60, 0, +20,)=0, (47&2012—V0t2+37£0c1
+8}.10c2+60c0012+30® =0, (7&2011+67L}.10{2—V0c1+2}.10{1
+6 0,0, ) =0, (0{17&}.1+2012}.12—V010+30{§+C) =0}
{30L§+60L2=0, 107&0c2+60clocz+2a1=0,7&20L1+6M.10L2—Voc1+20c1}.1 (18)
+6 0,0, =0, 0 Ap+20, 10 — Vo, +300+C=0,41" o, — Vo,

+37&0L1+8}.10c2+60coocz+3ocf=0}

> 5'03129((18), {0{[0], of[l], a[2], C})
C=Vo, —30’ 0 = —0.0 =0} {e=2 L2+ Ly 19
{ =Vo,—3 0 o =0, o, =0, 0,= } S AR TR (19)
1.+ A v 4u -
—37\.,0(0 ——+——T,0(1——27L,0L} —2}
2 4 2 1 5, 1 .4 X v 4n
>{C—3lu 3}.1+12V 127&,&0— 6 +6 3,oc1 2 A,
0122—2}
22 4 2 1 2 1.4 A v 4p
{0—37&}.1 3}.1+ 15 V lzk,oco— 6 + 5 3 4T 2k, (20)
0(22—2}
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Chapter Three

Boussinesq's Equations

The Boussinesq equation is simulating weakly nonlinear and long wave
approximation that can be used in water waves, coastal engineering, and numerical
models for water wave in harbors and shallow seas (Himonas & Mantzavinos,
2015). In this chapter we solve some forms of the Boussinesq's equation by using

the (G'/G )-expansion method

(3.1). Boussinesq's equation
Example (3.1): We study the Boussinesq's equation in the form (Himonas &
Mantzavinos, 2015).

Uy —Usx = U +(uz)xx : (31)

Use a transforme (1.2), then (3.1) reduce to the ordinary differential equation:

n

Vv 2u”—u”=u(4)+(u2) : (3.2)

Or

14

v 2—1)u"=u(4)+(u2) .

By integration (3.2) with respect to & yields

!

C +V 2u’—u’:u”’+(u2) .
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Or

C+Va'-u'—u"-2uu’'=0. (3.3)

m

Considering the homogeneous balance number between u” and uu’hence

(m+m+1=m+3—>m=2)

For m =2, (1.4) reads

u (§)=iai (G'IG) =ay+&,(G'IG )+, (G'IG ). (3.4)

To substitute (3.4) into (3.3) we need

U'=-20,(G'1G)’ —(2a,A+,)(G'IG ) —(aA+20,u)(G'IG ) —apr.  (3.5)
Then

U"=60,(G'/G ) +(10a,2+20,)(G'1G )’ +(8ar,pt + 3, + 4,27 ) (G'IG )’ 36)

+(6a,Au+ 20,1+, 27 ) (G 1G )+ dpa + 2a,11°.

Then,
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U" =24a,(G'IG)’ (G'/G) +3(10a,4+2¢,)(G'IG )’ (G'IG )

+2(8a, 11+ 30,4+ 42,47 )(G'1G ) (G'/G ) +(Ba, Ay + 2,11+ 2,47)(G'1G)

U" =240, (G'IG) ~24a,A(G'IG ) ~24a,u(G'IG)’
~30a,A(G'1G)" ~64,(G'IG)' ~30¢,4*(G"/G )’
~60,4(G'1G )’ ~30a,Au(G"IG )’ —6a,u(G'IG )’
~16a,u(G'IG ) ~6a,A(G'IG ) ~82,4*(G'IG )’
~16a,u2(G'IG )’ —6a,A* (G'IG ) ~8a,4°(G'IG )’
—16a,1° (G'1G )~ 6c,Au(G'1G ) —8a,A°u(G'IG)
~6a,2u(G'1G ) —20,u(G'IG )~ A% (G'IG )’
~6a,2°44(G'1G )~ 20,pA(G'1G )~ 0,2 (G'IG)
6o, A —2a,1” — A

Or

U"=-24a,(G'IG ) —(54a,4+6a,)(G'IG )’

— (40,1 + 38,2 +1204,4) (G 'IG )’

~ (52, 4+ et + T A% +8a,4°) (/G ) (3.7)
— (160, +8a, At + 14,2+ 2, 4% ) (G '1G)

6o, At —2a, 1” — A

Then (3.3) reads
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C+V 2(—20{2 (G’/G )3 _(2052/1+a1)(G "1G )2 —(0{11+20£2,U)(G "G )_allu)

~(-20,(6'1G )" - (20,2 +2)(G"1G ) - (a2 + 2a,) (G '1G ) - ey

240, (G'IG ) — (542, +6a,)(G'IG )’
—(40a, 1+ 38c1,A* +1204,4) (GG )’

—| —(52a,Ap + 8o+ Ta, 22 +82,4°) (GG )
(160, 14° + 8o, A +140,A i+, 2°)(G'/G )

—6a,Au’ —2a,1* — o, A u

—2a,(G'1G) =(2a,2 G'IGY
2(@,(6'16 ) +&,(G"1G ) +a, | %, (G'IG) ~ (20,2 +e,)(G'IG) | _
—(A+20,1)(G'IG ) -y

Or

C —2a) *(G'IG) —(2a,A+a, V *(G'IG )’
~(aA+2a,u\N 2(G'IG)—ayN ? +2a,(G'IG)’
+(20,4+@,)(G'IG ) + (A +2a,1) (G IG )

tayp+24a, (GG ) +(54a,1 +6a,)(G'/G )’

+(40a, 11+ 38a,1° +124,2)(G'IG )’

+(52ct, A+ 8t 1+ Tey A% +8a,4°)(G'1G )

+(160r,1° +8a, Apu +140, 4%+ 2, 4°)(G'1G)

160, A+ 2a, 1% + o AP+ 402 (GG )’
+(4aA+20,,)(G'1G ) +(2e40,A + 43 p1)(G'IG )’
+20,0,11(G'1G ) +4eya, (G'1G ) +(deya, A +20 ) (GG )’
+(200 4+ 4a,0,1) (GG )’ + 20/ 11(G' /G )+ Actyer, (G'/G )’
+ (4@ A + 20,0, ) (G'1G ) + (20,4 + bty 1) (G 1G ) + 20,0, = 0.
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(240, +403)(G'1G )" +(54a,A + 6a, +dai A+ 24, + 4, ) (GG )

[—20{2\/ 2 1 20, + 40, 11+ 38a,A* +12a, A +
_l’_

20,0, + 4al i+ by, A + 20 + by,

j(e'/e )’

[—2052/1\/ 2_aV 2+ 2a,A+a, +52a,Au+8ayu+ T, A?
_l’_

+8a,A° + 2,00, pu + by, A+ 20,0, + 20 A + ey, 1

](G '1G Y (3.8)

Jr{—al/’t\/ 2 =20, N * + A+ 2a,u+16a,4° +8a, Au

+140, A2+, A° + 20l i+ 2a,00 A + dayo, 1

](e'/e)

+C —ay N * + oy +6a,Au’ + 2a, 1 + a AP+ 2a a1 =0,

By equating each coefficient of (3.8) to zero yields

240, + 4a22 =0
54,4 +6a, +4aiA+6a,a, =0

20\ ?+2a, +40a, 1+ 38a,A° +12a, A + 6oy, A

+4alu+2al +4a,0, =0

20,N *+aV *+2a,A+a, +52a,Au+8au+Ta A’ +

8a,A° + 2at,at, 11 + Aoy, A+ 20,0, + 20l A+ baa, 1 =0

—a AN 2 =20, N * +a, A+ 20,1 +16a,u° +8a, Au

+140, AP+ a A° + 20l i+ 200,04 + borgo, 10 = 0

C —aN *+ayu+6a,Au’ +20,u° +a, A u+ 20,0, 1 = 0. (3.9)

Solving the algebraic equations above to get «,,,,a,V , A, zand C as follows:
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24a2+4a22:0—>a2:_724—>a2:—6

54(—6)4+6a, +4(~6)° A+6a,(~6)=0
— ~30c;, ~1802 =0
—>a, =—-64

~2(=6)V 2 +2(-6)+40(6) 11 +38(~6) A2 +12(~61) A +
6(—62)(~6)A+4(—6)" u+2(-62) +4a,(—6)=0
1N 2-122% ~96— 240, —12 =0

-V = \/(/12 +8u+2a, +1)

C —(—6&)(\/(,12 +8u+2a, +l))2 p+(—64) u+6(—6)Au’+
2(=64) 1% +(~62) A% 1+ 21, (~64) = 0
—>C =0

Where 4,1 and «, are arbitrary constants.

u(£)=-6(G'IG) -61(G'/G)+a,,

£=x —(\/(,12 +8u+2a, +1))t

Now, the auxiliary equation of (1.5) has the roots (1.19)

For solution we have these cases

Case(l) A*—4u=aw}>0
Using (1.26) and (1.28) then (3.11) be

A o ? A o
u(&)=—6--+—=K, | -64 —E+?Kl +a,
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Then

u(g)=""+a K/ (3.12)

2

u(é)= 5 +a,— 5 7
cosh—¢&
2
u(f):%+a —%tanhziaf
2 % 2 2

BB LA
u(i)—a0+7(l tanh 25)

Where

A A
sech® Z & =|1—tanh*=
ye={1-mn3e)
Then (3.12) reads

u(é)=a, +%[sech2%§j (3.13)
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The solution (3.13) is equivalent to the solution obtained by He's semi inverse
process to find the solitary wave solution (Almatrafi, Alharbi & Tung,2020).

Case (Il) A*-4u=-w, <0,

By using (1.34) and (1.37), can be written (3.11) as

2
A w A .
u (5):—6(—§+TZK2] —6/1(—E+72K2J+a0

Or
2 2
U(f):_G(%— 2602 K2+%K22]—6/1[—%+\/;0_2K2]+050
Then
312 3w
()= =g K

Hence —w, = 2> —4u — w, = 4 — A*

((:) 372 3(4u—2?) B, cos (44 )cf B,sin V(@ ﬂ 4 )5 .10
u(é)=—=+a, - :
: : Blcos“( )§+B sm“ )cf

Case (I111) whenA?—4u=0
Using (1.39) then (3.11) reads

41



Or

u(§)=_6/12_ 6c> N 61c, +6/12_ 61c, ra
4 (C+C,E) GHCE 2 cHE
Then
317 6c? 2
u(é)=—-+a,————2— where &=x —,[(A"+8u+20,+1)t (3.15)
(5) 2 0 (Cl +C2§)2 \/( 0 )

(3.2) Variant Boussinesq's equation:

Consider the variant Boussinesq's equation which is known as a model for water
waves in the form ( Wang , Li & Zhang, 2008).

H, +(Hu) +u,, =0 (3.16)

XXX

u +H, +uu, =0 (3.17)

Where H =H (x,t) is total depth, and u =u (Xt )is velocity which is the speed with

given direction

Suppose the transforms
H(x,t)=H (&), E=x -Vt (3.18)

u(x,t)=u(s), E=x -Vt (3.19)

Using transforms (3.18) and (3.19), then (3.16) (3.17) reduce to the ordinary

differential equation
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VH'+(Hu) +u"=0.
Vu'+H'+uu"=0.

Then by integrating , will reduce to

C,-VH +Hu +u"=0.

C,-Vu+H +%u2:0.

Where C, and C, are integration constants

Consider a homogeneous balance between u” and Hu and H and u’

homogeneous balance number between U " and Hu

(m,+m,=m,+2)and (2m,=m,) then m; =2 and m,=1

So, for m =2 and m =1, (3.24) and (3.25) reads

H (g)ziai (G'IG) =, +2,(G'IG )+, (G'IG .

u($)=XB8(G'IG) =5 +B(G'IG).

1
i=0
To substitute (3.24) into (3.22), we need

Hu =,,(G'IG) +(auf +,f3,)(G'IG) +
(alﬂo +a0ﬂl)(G /G )+a°’80'
And
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Hence

(3.24)

(3.25)
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u"=28,(G'1G)’ +3BA(G'IG) +(2pu+BA*)(G'IG )+ BAu (3.27)
To substitute (3.25) into (3.23), we need
u?=pg2(G'IG) +2B,4,(G'IG )+ . (3.28)

Then we obtain

+

CrV(%(@'/e)z+al<e'/e>+ao)+[%(G'/G)3*<“1ﬂl+azﬂo><e'/6>z }

(%ﬂo +0‘oﬂ1)(G,/G)+aoﬁo
25,(G'1G) +3BA(G'IG) + o
(2Bu+B2*)(G'1G)+ fp |
This read

(B, +28)(G'IG) +(V a, +af+a,p, +354)(G'IG)’
+(V o+ By + o+ 2B+ BA7)(G'IG) (3.29)
+C, -V o, + o, 5, + fAu=0.
And,
C,~V (A(G'1G)+f)+(e,(G'/G) +a,(G'IG ) +a,)

+%(ﬂf (G'1G ) +283,(G'IG)+ 4 | =0.

44



(0{2 +1ﬂ12J(G’/G )2 +(V B+a+ ) (G'IG)
2
(3.30)
+C,-V ﬂ0+ao+%ﬂ02 =0,

Equating each coefficients of (3.29) and (3.30) to zero yields the system of algebraic

equations
a,p+2p=0
Vo, +af+a,b,+361=0
) (3.31-3)
Vo rofytaf +2put+ fAT=0
C,-Va,+a,f,+pAu=0
1
a, + Eﬂlz =0
~V fi+oy+ =0 (3.31-b)

C,-V B, +a, +%ﬂ02 =0
Solving the algebraic equations above to get «,,,,a,V , A, zand C as follows

Now from the first equation of (3.31-a) we can calculate , =—2 and from the first

equation of (3.31-b) we can calculate g, = +2.

Also,
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Va,+a,p+a,p,+341=0
-2V +20,-25,+64=0
—>V+a,=f-31->(1)

~Vpi+a+ =0
—--2V+o,+25,=0
—-2V+a,=-28,-(2)
from(1)&(2) >V = B, F 4

—(B,F2)(-2)+20,~2f3,+64=0

—> o, =24

Vo +afy+afi+2pu+ ﬂlﬂz =0
> (=B +4)(-22) =248, + 2, +4u+ 227 =0

—> o, =-2u

C,—Va,+a,b,+ B Au=0

—>C,—(B—A)(—2u)+ By (—2u)+ 221 =0
5C, =0 (3.32)

C, —Vﬁ0+ao+%ﬂ02 =0
1
—C,~ (4 —l)ﬂ0+(—2,u)+51802 =0

—>C2=%ﬁ§+2y$iﬂo

Where 4, nand ¢, are arbitrary constants.
Then (3.24) and (3.25) becomes

H (5):—2(6’/6)2—ZA(G’/G)—Zu, E=x—(BF AN (3.33)
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u(£)=+2(G'IG)+ 4, (3.34)

Now, we have the following cases

Case () A*—4u=w’>0

For this case has a solution

A @ —o
G =e 2f(cle 2§+c2e 2 é] (3.35)
So
- R R 1 -
G'=e 27| 2ce? ——2ce? |-=e 2 |ce? +ce? (3.36)
2 2 2
Then
A @ @ @ @
e 2‘5(6‘2)1019 25—%0@ 2 é—gcle 25—;“cze 2 5]
(G'IG)= (3.37)

4 2 —®
et - e
e ? (cle2 +Ce 2 ]

By using (1.23) so (3.37) can be written as

2 clcoshﬁcﬂclsinhﬂé‘—c2 coshﬂ§+czsinhﬂ§
(G'1G)=-2+% 2 2 2 2 (3.38)
2 clcosh%§+clsinh%§+cz cosh%f—czsinh%g

Suppose
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A =c, +cC,,

A, =c,—cC, (3.39)

then, (3.38) can be written in the form

G'16)=-2

Then (3.33) be

Or

Also,(3.34) be

. , ,
A, sinh—=+ &+ A, cosh =
a)l 1 2 5 2 2 5

+ 4 (3.40)
2 Alcoshﬁ§+Azsinhﬁ§
2 2
2
1w Alsinh%§+Azcosh%§
H(&)=-2|-Z+2
2 2 Alcosh%§+A25inh%§
. [0 [
A,sinh—t&+A,cosh—¢&
Y] 2 2" ||-2u
2 Alcoshﬁg@Azsinhﬁg
2 2
), ), 2
o Alsinh?l§+A2cosh?l§ 22
H(f):—? . w +?—2‘IJ
A cosh-—2&+A,sinh—2¢&
2 2
2
’ 2 ’ 2
22_4 Alsinhu§+Azcoshu§
- 2 2 (3.41)
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1w Asinh e+ A, cosh g
u(é)=+2| -=+—2 g) a2) + [
2 2 Alcosh?1§+Azsinh?1§

(3.42)

A, sinh VA —Au §+A cosh VA —Au
A, cosh NA =4 §+A sinh VAT =4u

:J_r/1+«//12 —4u

Case (1) A*—4u=-w, <0,
H 2

For this case we have the solution

.
G=e? (cl cos\/g)_zéwzsin@% (3.45)

Also,

(3.46)

Then
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A
NN N ra
e 2| Y2 ssinY2 g4 N2 cos Y2 |-
g GsIN T et TG 2 5}
A /
Ao c, CoS e §+czsin\/a}—2§
G'/6) 2 2 2
B 4 /
e Zé[clcos‘/g)_zgﬂzsing)zg]
By using (3.39), can be written (3.47) as
o Jo
Azcosgg—Alsm—zg
(G’/G):—i+\/a)_2 2 2

\/w_2§+Azsin\/;0_2§

A, cos
2

Then (3.33) be

2

A cos\/g)_zg—Alsin \/;)—25
2 2
A cos\/;0—2§+Azsin \/;)—25

A cos\/;)_zé—Alsin \/Z)—Zg
—2u
2 2
A COS\/;)_Zf-I-AZSin \/;)_25

Or

2
. Q) .
AlS|nh?2§+A2 cosh??—f 22

+——-2u

H(5)=-2 2

4

Alcosh%§+Azsinh%§
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2

. Q) .
AlSIHh?Zg-FAZ cosh??—.f 22

.
H(&)=—22 Loy
4 Alcosh&§+Azsinh&<§ 2
2 2
2
N/YE A 27
22 (4ﬂ_,12) AzcosTé—Alsmig

(&)= -2 2
2 4 _ 72 92
Alcos4'u2/1§+Azsin4ﬂz/I§

Furthermore, (3.34) reads

A cos\/g)_zg—Alsin\/;)_zé
u(é)=+2| -=+ + B,
2 2 \/;)—2§+Azsin\/g)—2cf

Or

Azcos\/a)_ch—Alsin\/gg
2 2

U(f):\/a’_z +hTA
Alcos\/g)—z(erAzsin \/;0—25
A,cos——— NAu=A" 5 A, sin NAu= A"
+ﬂ0$/1

u(§)=w/4y—/12
A cos~————— V4 §+A sin VA= A"

Case (I111) whenA? —4u=0

So the two equal and real rootsm, =m,. For this case we have the solution
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to,de 2 (3.51)

And
2 A A
G'=—%cle 2§+cze 25—%02& 2 (3.52)
So
_icl +C, _iczﬁf
(G'1G)=—2 2
c,+C,¢
Or
(6'/G)=-21 C (3.53)
2 C +C,¢

Then (3.33) be

H(§)=—2(—i+ C T—u(—i+ C }—2;1

2 c +c,¢ 2 c +c,¢

Or

H(§)=—2(—i+ C T—u(—i+ C }—2;1

2 c +c,¢ 2 c +Cc,¢
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O ved v oo
H ()= —(le;ig)z (3.54)
Also, (3.34) can be written
u(€)= ﬂ[—%q i;gj 5,
Or
u (g):tclicczzg LB TA (3.55)
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Chapter Four
The General KdV Equation for p=3

(4.1) The solution of the general KdV equation for p =3

In chapter two, we introduced the general KdV equation and study the solutions for
p =1, which has a positive integer homogeneos balance number. In this chapter, we

study the solution of general KdV equation for p =3 (Drazin & Johnson, 1983),

which has the form
u +20u%u, +u,, =0 (4.1)

By using the wave transforme (1.2), we can reduce (4.1) to an ordinary differential

equation of the form
Vu'+20uu’+u" =0 4.2)

which we can integrat with respect to &, to get the second order ordinary differential

equation
C Vu+5u*+u”"=0 (4.3)
Next we consider the homogeneous balance between of the terms u” and u*.This

gives (4m=m+2), which leads to non-integer homogenous balanc number m=2/3

To reduce (4.3) to an equation with positive homogenous balanc number, we
follow ( Zayed & Alurrfi, 2014) and assume

u(g)=o°(&) (4.4)

Next substituing (4.4) into (4.3) implies
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2 8 2((1)1)2 Z(CD”)
T T -

C -V (®3)+50° — 0. (4.5)

9p3 33

8

Then by multiply the both sides of (4.5) by ® 2, we can write

180" —36V (d?)+36C (@g) +24(D")(D) -8(D)* =0 (4.6)

Hence (4.6) can be integrating if C =0, this leads to the ordinary differantion

equation
450" —9 V(D) +6(D") (D) —2(P)> =0 (4.7

which has homogeneous balance number m=1. Now we can assume

(€)=Y (6'1G) =ay+a,(G"/G) (4.8)

To substitute (4.8) into (4.7) we need

D' =-0,(G'1G) e, A(G'IG)—equ (4.9)
Then
0" =20, (G'/G) +3e,A(G'1G)" +(2c11+ 0, 1% )(G'1 G) + eyt (4.10)

By using (4.8) we can find

®* =[,(G'/G)+ay | =a?(G'/G) +2040,(G'/G)+ (4.11)
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®* =’ (G'1G)" +4cla, (G'IGY +
0‘1( ) 0‘1020( ) (4.12)
6o a; (G'1G) +4a5e, (G'1G)+ay

Then by substituting (4.8) (4.9) (4.10) (4.11) and (4.12) into (4.7) , we find

A CRIE ) +40ia, (G'IG ) +
6l (G'IG) +4aie, (G'IG)+ap
Y, (af(G'/G )2+2alao(G'/G)+a§)+
. 2 (4.13)
o[ 24(6'16) +302(G 116 ) +
(2a1,u+a122)(G'/G)+al/1,u)

J((ao +¢,(G'/G))-

2(-,(6'16 ) ~a,2(G"1G )—al,u)z -0,
Or

450, (G'1G )" +180ae, (G'IG )’ +270a%a2 (G'IG )’ +

180aa, (G'1G )+45¢¢ - o (G'IG)’ -

18/ o, (G'1G )~V o +120,a, (G'IG ) +

18,0,A (G 1G ) +(12at50t,11 + 6o, 47 ) (G 1G ) + a1
B u+120 (G'1G ) +18a7A(G'IG ) +

(120 1+ 6a27)(G'1G)" +6a} 4u(G'1G ) -

202 (G'1G) —4a2A(G'IG)’ -

2Qatu+a?2?)(G'IG ) —4afau(G'IG ) - 2a2u? =0.

Then, we collect the coefficients of (G'/G)as:
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(450 +10a2)(G'1G )’ + (1800 e, +120,a, +14022)(G'IG ) +
(2700202 N o +18a,0, 4 +8au+4ai2?)(G'IG ) +
(180ci5e, ~18V oy, +12a0a 1 + 601y, A% + 20t/ At ) (GG ) +

(4.15)

6oryo, A —N af +45a; — 20 u” =0.
This leads to the algebraic equations
45¢; +10a; =0.
180c; ar, +12a,, +140 A = 0.
2700’} -9V af +18a oA +8al u+4al A* =0. (4.16)
180asc, —18 V ety +12at 01,1t + 60,0, A% + 20 Au = 0.

6oy, A —9V af +45a; —2alu’ =0.

Next, we use the Maple program tools, to solve the algebraic equations (4.16) for

a,, o, and V. This gives

Vv =5a§, a,=a,, o =0, (4.16)

Hence this solution is rejected becousse ¢, #0e R. Inthe Maple program listed

below, we set G'/G =¢.
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;> restart
> with(PDETools) :

> declare(u(x. 1), v(x 1), u(xi), o(xi), prime=1xi)
u(x, t) will now be displayved as u
vix, 1) will now be displaved asv
(£ ) will now be displayed as u
(&) will now be displaved as o

derivatives with respect to§ of fimctions af one variable will now be displayved with '

> C—VulE) + S-r{*[ﬁ] + dif(u(2). =i xi) =0

C—Vu+s5i+u=0

u=o(g)’
> evall@. 3) )
. 203, . 83 207 20
c—ro(E) " +s50(8)" " - + -0
I (€) s0(E) 9(1)[&_,}”3 3&)[&_,}”3
|> simplifi( (4). 'ymbolic' ) ) )
s0(8) - sror)’ +sco) P+ so0() —20° 0

so() !’
> 450(8)" — 970(2)" + 6 ((2).£).8) ©(8) - 2af(@(&).£) =0
o) —sro(E)+s00E) —207°=0
> 4n=n+n+2

L dn=2n—+2
> solve( { (7)}.[1])
L [[n=1]]
[> oxi) = of0] + of1] 6(xi)

(D(ﬁ} =oy+ oy0
> di(o(xi). xi) =1 o(xi) — p—s7(xi)

o= —ho— - o
(> dif1(9).xi)

=0,

> eval((11), (10)) )
=0 (—ho—pn—10)

> diff(12), i) ( )
O'=oy (Ao =200

> eval((13), (10))
(D"=ot1(—l[—lo— w— 0‘) — 20(—}\.0— w— 0‘))
> simplifi( (14), 'symbolic' )
@"=a1(0‘+ ho + |.L) (A+20)

-

> eval((6). {(9). (12). (13)}) i . . .
45 (o + otlo)J'— 9V (o + 0y 0)”+ 6oy (0 + Ao+ p) (h+20) (op+ 0p9) —20;(—no—p—¢) =0

> epmdtag) o
45 o+ 180 0f oy o+ 270 0poq 0 + 1800050 + 45000 — 9V o — 18 Fogo 0 — 3V 0i 0 + 180y 0 Aoy + 146 Loj

3 4 2 .2 2.2 2 - A 2 2 2 2 2
+ 1200 op+ 100 o)+ 6oy ooy +4h 0 o+ 6o phoy+2phogo+ 120ppooy+ 8pe oy — 2opp =0
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B collect( (17). 0(&) )
gy IR} 3 . 2 3 22 2 2 2 2 ; 2y 2 12
(4505 + 1007) o + (18000; + 140 0] + 1200y ) & + (447 0] + 2700504 — 9 F oy + 18Aoyoy + 8poj) o + (64 opo;  (18)
+2}‘Luof.i+1800@0&1—ISI’%Q1+12L101:<11)0+ 6-:11L1I‘L01:—2aiu:+ 450€—9I’0§=0
> {(450; + 1003)=0. (180 040 + 14203 + 12 0g05) =0, (427 03 + 2700503 — 9 o5 + 18 hogoy + 8pos) =0, (61 0p0r
+2luor_;+18[}cgor.1—ISVorﬂor.l+12ucrﬂcr_1)=0_(6-:1“11013—2(1;Ll‘+450§—91’06)=0}
-r45ai+10a;=0,18001:a;+14hot;+120,3a1=0,6aluho1:—Eot;u‘+ 4502—9I’0€=0,4?fa{+ 270050, — 9V o) (19)
+ 18 hoyoy + SplotiZO:ﬁhzotal+ 2?L|.lcr.§+13003(11—131701:&1+12;101:(1120}

> solve( (19), {o0], o1]. ¥})

(V=V.05=0,0,=0}, {F'=5 0 0= 0, 0, = 0} (20)

2
Maple Programe for u (&) = @3 (&)

(4.2) A New Approach

In the cases, when the homogeneous balance number equal to m, is not a positive
integer number,(Zayed & Alurrfi, 2014), suggest the transform (1.6) to reduce the
homogeneous balance number to positive integer. In the privous section, we found
m=2/3, then transform (1.6) reduced the equation (4.1) to an equation with
homogeneous balance number m=1. For the resulting equation, the method led to a
rejected solution (4.17). As a suggested approach, we introduce the transform
u(&) =" " (&), where N is the smallest positive integer greater than m. Using
this transform, we were able to reduce the equation (4.1) to an equation with a

positive integer homogeneous balance number.

For the equation (4.3), we have m=2/3, N =1. Hence, we can apply the transform

u(&)=0%(&) (4.18)

Then (4.5) be

Cc Vv (CD%)+5CD% —M+ (q)?
5

9P3  3P3

=0, (4.19)

Or
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5

50° -V (%) +C (07) +%(q>")(cp) —g(op')2 _0.

Hence (4.20) is integrable if C =0, this gives

5d° _V (@2)+%(cp")(q>)—§(cp')2 _0.

450° —/ (D?) +3(P")(P) - 2(D')* =0.

By balancing (4.22), then we find B3m =m +2+m = m =2), so
2 i 2
D(E)=D (G'/G) =+ (G'IG)+a,(G'IG)", @, #0

i =0

D*(£)=a’(G'IG)" +2a,, (G'IG ) + (e} + 20,21, )(G'IG ) +

20,0, (G'1G )+

®*(£)=al(G'1G) +3a2a, (G'IG) +

(Bdia, +30512052)(G'/G)4 +(a +6a,a,,) (G’/G)3 +
Bty +3a2a,)(G'1G) +3a2a, (G'1G)+a

@' =20, (G'IG) (20,4 +a,)(G'IG)" -

(A +20,u)(G'1G)— eyt

®"=6at,(G'/G )" +(10a,4+22,)(G' G )’ +(8er,t +3c, 4 + 4,47 ) (GG )
+ (60{22/1 + 20,1+ alﬂf)(G '1G )+ e A+ 20, 1°

Then (4.22) be
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45(cE (G'1G ) +3a, (G'IG ) +(Bla, +3a%a,)(G'1G ) +

(& +60,2,2,)(G'1G ) + (3cia, +3a2a,) (G'1G ) +3a2a, (G'IG)

+03)-W (a?(G'IG)' + 2, (G'IG ) +(of + 2242, ) (G'/G )’

20,0, (G'1G )+ a?) +3(6, (G'IG )' +(10a,4 +2¢,)(G'IG )’ (4.28)
+(Baypu+ 30+ 4,47 )(G'1G ) + (e, Ap+ 20,1+ 2,27 ) (G'IG)

oy i+ 20,17 ) (@ + 2, (G'1G )+, (G'1G )') ~2(-22, (G'IG )’
~(20,A+,)(G'IG ) (A +20,)(G'IG ) — e u1)? = 0.

Next, we expand (4.28) and collect the coefficients of (G’/G). This gives the

algebric equations

(450 +10a5) =0
(1350{22&1 +14a2 2 +16a1a2) =0
1350 at, +1350°ct, ~ N o +8aj +] .

23a,a,A + 4t A% + daf +18a,a,

450} + 270,00, =18V ey, + 20 A +
l4a,a, 1 +5a7 2 +30a,a,A + 6a,a, + 7051052/12J
1350t a, +135ata, —N of —18/ oy,
+5a,o il — 20 i + 20 i+l A? =0

+240, 00 11 + 90,0 A + 120,00, A

135aa, — 18V ayay — ol Au —2a,001° +J 0

18a,apAut + Bayo 1t + 3, A
3 2 2 2,2 (429)
(45050 -V af +3oy0,Au+6a,001" =20 1 ) =0.

Next, by using the Maple program tools listed below, the solution of the algebraic

equations (4.29) for «,, o, a, and V reads

V=x--—" ao=—""—, aog=—, o,=—. (4.30)
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;> restart
> with(PDETools) -

> declare( u(x. 1), v(x 1), u(xi), 6(xi), prime==xi)
u(x. t) will now be displaved as u
v(x, t) will now be displaved asv
u( &) will now be displayed as u
o(&) will now be displayed as &

derivatives with respect to§ of fimctions of one variable will now be displaved with '

> C—VulE) + 54°8) + dif(u(E), . xi) =

C— Vu+ St +u"=0

1
> u(g) =07 (g)
] u=0(g)'’
(> eval((2). 3)) ;
c—rvo(e) PrsoE)tio 22 __, 2 ___,
(€) 50(E) 50&)" * Sor)

> simplifv( (4). 'symbolic') . ) )
sco(t)’’+300() 207 - s0()°
s0(¢)""

> 3af(af(o(5).£).£) () — 24 0(&).5)° — 90(& } (r

-5
30"0(E) —20" - 90(&

(r=so() _,

o(g)) =0
) (r—so(2)) =0

> 3n=n+n+2

| Iin=2n+2
(> solve( {(D).[n])
L [[n=2]]

W

> O(xi)=o[0] + of1] o(xi) + c:r.[2]-r1(xi)2
() =oy+ ooy + 01%
> dir(o(xi). xi) = 6(xi) — p—o2(xi)
p=—An—p— o

> diff(9). %)

@'= oy + 20,0
> eval((11). (10)) ) .
(D’=ot1(—3\.o— = o‘) +2ou‘o(—l.o— - o‘)
> diff1(12). =)

@' =0y (—he'—200)+20y6(—Ao—p— o) +2o,0(—he—200)

> eval((13). 10))

-4))

> simplifv| (14), 'sym bolic' )

2 , hoy | 2
@Q"=2139 %+(2haﬂ+a1)o+|.xcq+T (J\o+0 +|.1]
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> evdl((6). {(9). A2). 15)})
2 5 hog 2 2 5 2 .
6[30 0L2+(2A.0L2+0L1)0+|.10L2+T (A.o+0 +|.1)(otc+oot1+oouz)—2(&1(—3\.0—|.1—0)+2ou20(—3\.0—|.1 (16)

—01))2—9(%+ oy + 02%)2(V—50€—500ﬁ1—502%)=0

> ewand( (16))

33\.0t“lotc+2700tcf)30tlotl— 18Voyno, — ISI’otCozotz— 18 I’o3otlotz+ 3003%‘3\.%4—2304%)\.0t1+24"}20h|.10tc+ 1403%“&1(1'7]
s ;|.10+4Sotg

0&§?~.+ 1804%%

2.2

. 3.2 3. 2 2 2 2 2
+ 120 Koo+ To ooy + 20 hoqpu+9g oghoy+ 6oogpoy—2p ouzootl—S‘Votc—2otl|.l

L

+ 6 ogop+ 180k oguog+ 59 hogpoy + 33\.‘otlcotc+ 45 030‘.?4'45 0602+ 10060;+ 4")40‘.;4' 140
5 4 2 4.2 2 c .3 2. 4 2 - 2
+ 160 0,0+ 80 opu+ 40 Ao+ S0 opA+ 60 oy oy + ?0 otlu—?u ow) +)L otlo —910 Otl V0 o5+ 1350450

350000, + 135056 0,=0

e

2 . 4 2 c a4 2 .
op+ 135050 05+ 1359 oo, + 13507 0y

[> coffec![(l'?), af
(45 05+ 1005) o +

“‘lﬂ‘l
—
—

(5

oh — 9 Voh + 23 hoy oy + 8 oh + 135 0y oh + 135 01 o as)

+ (14005 + 1 mlo£+16alou1)os+(4:x
1) o* ( 10‘n+7.'\.|.10L1—13V1 + 30 ooy + SA ol + 14110y 0+ 270 oy 01y 0 + 45 0

-

} +h 0t1+ thlotldn—?p‘oé—131’0(0%—9V0§+ 9:‘\.0(00tl+24|¢0£00‘42+2|.10t11‘+1350£§0b2
+ 1350(0(1;) o+ ( 3\2010 + 18k poyon — 3\.|.lotl—2|.l oy 0, — 18 ooy + 6pogo; + 1350t§ot1)0+ 3o poy

+ 6;12%%—2%;1 - 9I’otc+45 0t§=0

-

> {(4503+ 1003) =0, (14 a£+13’a10£+16a102)=0,(41 0§—9V0£+23;\.0.1(11+8|.10£+135000£+1350.:2[021
1

13Va‘]cr,‘,—9Va1+9h%a1+24|.10002+2|.1a1+ 13)000,2+ 135 0y
|.lcrfl 2p oyoy— 18 Fogoy + 6poyoy + 135030‘1)20,(3?‘\.0‘1;10‘3+6|.120200—2

- ;'\.|.10t11‘— 7|.12(110‘n— 18 Voyoy + 6poyoy + 1350tEot1=0 43\‘0.1— 9V0n+ 23honon+ 8p

i3 a1%+ 16oy0,=03hoypoy+ 6|.1 0‘4-\0:0_?0'.1“ —S‘Votc+4<otg I'\.zotcot1+183'\.;10%-:::&2 (19)
Oé Otcdn+1330t10h

+ 130(00‘4-.+40t1_0 'M oy oy + 7.-'\.|.10'n— 18 Foyoy+ 30 koo, + ).-'\.Ot1+ 14 oy 0+ 270 00 0 + 45 Ot1+ 6 o0y =0,

237 otcouz+l 0t1+ 5:'\.|.10t10‘42—2|.l 04;— 18 Voo, — 91’0t1+ 93&0(cot1+24|.1acd.2+2|.10t1+ 1350(02@2+ 1350(00t§=[]}

> solve((19), {0[0]. o[1]. 0[2]. F'})

r= V. 0y= 0,040, 0,= 0}, {V'=5 o, o = 0 o = o Aw w2k 2
{I V,0p=00,=0, 0, 0}{ Sop op=og oy =0,0,= []} {I 5 5+ % 5 - % 5 % 5 (20)
>
a2 4p i 2h 2
> =— - = =—--" =—- ==
g 9% g 1T T % 9]
g A 2w A2
{I 3 5 - % 5 - % 5 - % 5 2}

1
Maple Programe for u (&) = @3 (&)
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Conclusion

In this work, we reviewed the (G'/G ) -expansion method, to find exact wave

solutions for nonlinear partial differential evolution equations. And as applications,
with the help of the Maple program tools, we solve the Burger’s equation, the
Zakharov-Kuznetsov-Benjamin-Bona-Mahony (ZK-BBM) equation, the general

KdV equation for p =1, the Boussinesq's equation and the variant Boussinesq's

equation, which have positive integer homogeneous balance numbers.

In the cases when the homogeneous balance number is not positive integer, we
suggested a new approach to reduce the homogeneous balance number to a positive
integer. As an application, we applied this approach successfully to find a travelling

wave solution to the general KdV equation for p =3 .We believe that a further

research work must be carry out to study this approach for the non-linear evolution

equations, which involving non positive integer homogeneous balance numbers.

As a comparison study, we compare our results with results obtained by other
methods. This study shows that the (G'/G )-expansion method is direct, concise,

elementary and effective, and can be used to solve many nonlinear evolution

equations with constant coefficients.
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