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Abstract. Let X be a compact plane set. Then R(X) is the uniform algebra of all continuous functions on X
which may be uniformly approximated on X by rational functions with poles off X. Some results which contain
the Beuring and Cauchy transforms are true for R(X). Our aim in this paper is to change the uniform algebra
R(X) with some other new uniform algebras, especially A(X) which is the uniform algebra of all holomorphic
functions on the interior of X. ‘

Of course, the proof of these results are completely different and new after this change. We have proved
three results in this area which ave still true after changing R(X) by A(X).

1. Introduction. In this section, we shall give some standard definitions which we shall
need in this paper. We shall also give some notation and related remarks.

Throughout, we shall consider only linear spaces and algebras over the complex field C. If
an algebra has an identity, we shall denote this identity by 1.

Let S be a non-empty set, and let f be a bounded, complex-valued function on §. For each
non-empty set E contained in S, the uniform norm of f on E, denoted by |f|E, is defined by

|fle = sup{lf (@)l : = € E}-

A normed algebra is an algebra A, equipped with a norm || - || which is submultipﬁcaﬁve. '
That is ' '
llab]l < llall 6]l (a: € A)

If A is unital, then we also require that ||1]| = 1.
A Banach algebra is a normed algebra which is completed as a normed space.
In our terminology a compact space is a compact Hausdorff topological space.

~ Notation. Let X be a compact space. ‘We shall denoted by C(X) the algebra 6f all
continuous functions from X into C. With respect to the uniform norm on X, C{X) becomes
a Banach algebra. '

Let X be a (:omlmcb space, and let A C C(X). Then A separates the points of X if for each
Ly € X with  # y, there exists f € A with f(x) # f(y).
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(‘l)lI::]')[;ti‘?ﬁ‘il)l.g(.‘lll'i‘l A Iot.l .il-nunlulvv (respgctivel,\' right A-module) o
fl-h.‘- ¢l ap (a..l,) -+ (L ll-espe(:t]vely (a.l') - .'1,"0.) fl'Un] A X A into X

- pe DB is a inear space

\ rogether it

satisfying

(ub~ o= (b :I,') (l-usl)(‘,(:l.i\l(-]y M (“I)) o (;1;. {l.)- [)) ((1., be A. x© € \’)

e, and satisfies

An A-bimodule is a left A-module X which is also a right A-modul

¢ (e-b) = (@z)b (abeAzEX)

The A-bimodule X is commutative if a-z = 2-a (c€e A, z€ X). IfAis co,mmutati‘{‘?’ then

an A- n.odule is a commutative A-bimodule.

Note that an algebra A is always an A-bimodule with module operations given by

multipiication in A.
Le: A be a Banach algebra. A derivation from A into an A-bimodule X
A — X satisfying

is a linear map D :

D(ab) = a» Db+ D-b (a,b€ A).

A continuous derivation is derivation which is also continuous.

The polynomially convex hull of 2 compact subset X of ¢", denoted by X, consists of all

z € 2™ such that
Ip(z)| < sup [p(w)]; .
weX =

for all polynomials .

It is standard that X, is a compact subset of C"
1959).

Let X be a compact space. A U
al’ the constant functions and separates t
X

Note that every uniform al

We now give important examples of a family of uniform algebras.

Let X be a compact subset of C. Then Ro(X) is the set of restrictions to X qf rational
functions with poles off X, and R(X) is the closure of Ro(X)in C(X). (Thatis Ro(X) = R(X))-
(X) is the set of all holomorphic functions on the

containing X (see, for example, (Gamelin

niform algebra on X is a subalgebra of C(X) which contains-
he points of X with respect to the uniform norm on

gebra is  closed subalgebra of C(X).

Let X be compact subset of |C. Then A
interior of X.

REMARK. Let X be
int (X) = 0.

a compact subset of C. it is standard that A(X) = C(X) if and only if
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Let X be a compact subset of C. Then Py(

X)) is the set of restrictions to X of polynomials -
With complex coefficients and P( X)

is the closure of Py(X) in C(X). (That is Po(X) = B(X).).

Let X he a compact space and let A ¢ C(X). Let 1+'be a measure on X. Then we say that
& annihilates A, and we write pl A, if '

ffdu=0 (f € 4).
X
Note that if X is compact plane set and p is g complex measure on X, then it lB easy to
see that KLRo(X) if and only if u| R(X )-

Similarly, UL Py(X) if and only if kLP(X).
2. Some standard s

@120 (e By,
(ii) Iz =0 if and only if z = 0
(iti) llaz{llalliz] (z € E,a ¢ C):

(W)matawukzlumhh4wuskdeHWM(®yeE) -

We call (E, ||- I a Quasi-normed space.

Note that every quasi-normed space (E, ||- h
suitable topology on E (see Kothe 1069).
REMARK. There are many discontinuous quasi-

it is not always true that a quasi-norm j
generates. For example, we may take

isa topolbéical vector space with respect to a -
norms on the topological linear space C. Thus
S continuous with respect to the ‘t\ppolo_gy th_ag'.ril_j.'

Izl (zec\rY),
Izl =
2zl (zeR*)

Letibea complex number. We define a sequence 2p by

1,
zn=1+4+=i (neN)
n

and z = 1.

Then z, — zin C, but lznll 7 |lz]|.



208 ABDULLAH K.S. AL]

NOTATION. Let X be a locally compact space. Then we denote by M(X) the Banach space
of all complex, regular Borel measures on X with the norm :

Nl = [41(X).

For p € M(X), || denotes the corresponding total variation measure.

DEFINITION 2.2 Let X be a locally compact space, and let p be a positive measure on X. Then
weak-L' with respect to p, denoted by L)(X,dy) is the set of all equivalenge classes of Borel
measurable functions f on X satisfying

suptp({z € X : |f(z)] > t]]) < oo,
>0

where the equivalence relation is almost everywhere equality with respect to p. We define o
function |- || on L1(X,du) by

I = soptu((z € X : (@) > 1)) (7 € Lu(X,dw)

NOTATION. Let X be a locally compact space, and let u be a positive, regular Borel measure
on X. For p € (0, 0), LP(X, dy) denotes the set of equivalence classes of all Borel measurable,

- complex-valued functions on X satisfying

[ 1#aIPaute) < oo
X
If 2 > 1, then LP(X, dy) is a Banach space with respect the norm | (P given by

1
£l ( /x !f(-r)lpdu(z)) (f € LP(X, du)).

For each p € (0,1), LP(X.du) is a quasi-normed space. For more details concerning
L7(X,dp). see. for example,(Feinstein 1989).

The following lemmas are a selection of standard facts about L}(X,du). For the proofs,
see (Feinstein 1989). In these lemmas, we assume that X is a fixed compact space, and g a
positive, regular Borel measure on X ’

LEMMA 2.3 (i) If f,g € L:(X,dp), and A € (0,1), then f + g € Li(X,dp), and .-
If + 9l < WM+ (=X gll) -

In particular, ||J + gll < 20170 + llyl)-

(iiv If fe LY(X,dy) and a € C, then af € LI(X,dy) and |laf]| = |al|f]|.
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(i) (L3(X.d). |- 1) is a quasi-normed space.

(iv) The guasi-norm I- Il is continuous on (L1(X,du), |- ).

LEMMA 2.4 If 4 is a o-finite, then (La(X,du), |- 1) is a complete space. s
LEMMA 2.5 If ;s is finite and P € (0,1), then LY(X,dy) is contained in LP(X,dy), and
inclusion map s continuous.

LEMMA 2.6 Let g e a measurable function on X and suppose that (f,) is a sequence of
elements of L) (X, du) with f, = g g (1) and with

sup{lfall : 1 € N} < .
Then 8 € LU(X,du) and | o~ gl S imintfo  fn] (m € W),

3. The Beurling and Cauchy transforms wit
is to change the uniform algebra R(X) by the uniform

of the Beurling and Cauchy transforms. We have proved some results are still true, ml' this .-
chenge. Some modifications in the statements of these

results have been made.
We start with the following standard definitions.
Let 1 € M(C). We get
i) = 2 [ delw)

7 JC |lw -2

where the integrand is defined a8 00 when w = 2. For those ze Cwithil(@)

i(z) = if du(w) (zeC).

T/Jcw—2z2

(zec).

15,99 Wegety,

Note that for all such z we have u({z}) = 0. Clearly |4] < 4.

For the rest of this section, the Lebesgue measure on the plane is denoted by m. - A

Measurable complex-valued function f on € is called locally integrable if for every compact
set ECC, :

/ |Fldm < co.
E

We denote by L},.(C,dm) the set of locally integrable, mezsurable, complex-valued functions ,
on C. It follows from Fubini’s theorem that i € L} (c, dm), and 50 ji € L}, (C,dm). The
function j is called the Cauchy transform of ..

For each ¢ > 0, we get

1 di(w)
Bep)(z) = - (zecC).
(Bep)(2) /I

T Nw—z>z {w - 2)2
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We set
(B-u)(z)=§5g|(35#)(3)1 (z € C).
We also set
(Bu)(z) = lim (Bp)(2), (3.1)

for th.ose z € C for which this limit exxsts The function By is called the Beurling transform of
- It is clear from the above definitions that

[(Bu)(2)] < (B.n)(2),

for all 2 for which (Bu)(z) is defined.

The following result is a special case of an important result of Ca.lderon-Zygmund theory
(Stein 1970).

PROPOSITION 3.1 (i) Let f € L\(C, dm) and set u = fdm. Then the limit in (3.1) ezists
a.e. with respect to m.

(ii) B. maps L'(C,dm) into LI(C,dm), and there eTists a cnnstant 01 'wzth "B-f H
Cillflly, (f € LMcC,dm)). - VR
NOTATION. In this section, we use the notation zLm to mean that the measures ,u,m are
mutually singular.

LEMMA 3.2 (Feinstein 1989) Let  be a ﬁnite; positive Borel measure on C. Suppose that pLlm.
Then B.py € L}(C,dm). Furthermore, there is a constant C > 0 which doea ‘not’ depend on py
with || B.p!, < Collp]|- :

We shell need the following theorems later.

THEOREM 3.3 (Feinstein 1989) There is a constant C3 > 0 such that

B.u€ L.(C.dm) and ||BH.pll < Csllull (1 € M(C)).

THEOREM 3.4 (Feinstein 1989) Let u € M(C). Then the limit in (3.1) exists a.e. with respect
to m, and the Beurling transform maps M(C) continuously inte L}(C,dm).

REMAEXK: Let X be a compact plane set of which R(X) # C(X), and let u be a non-zero
element of M(C) supported on X, and annihilating R(f(). It is standard that 2 = 0 iff X, and
that is ot true that 4 = 0 a.e. with respect to m on C (see (Browder 1969). Thus ji|z is a

non-zer s clement of L1(X,dm).
Note that this remark is also true for the uniform algebras P(X) and A(X) insteac of R(X).
The statement of equality in the next lemma is due to O'Farrell. It can be found on page
379 of (Farrell 1986).
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be a non-zero
LEMMA 3.5 Let X be o compact plane set of which R(X) # C(X), a;ﬁ)f le;.h’;n
element of M(C) supported on X. and annihilating R(X). Let f € Ro(X),

F(2)iz) = B(fu)(2) - £(z)(Bpu)(z),
und
IF'G)az) < Bu(fu)(z) + |F(2)|Bap)(2)
a6 with respect to m on \

REMARK. Lenuma 3.
P(X)=R(X), w

Similarly,

a

Yy inetond ¢ ") since
O is true if we use the uniform algebra P(X) instead of R(X) s
here X is the polynomially convex hull of X.
the next theorews are still true for P(X).

Now, we shall use AN instead of RX)
theorems are stil] true.

THEOREM 3.6 Let X be u compact plune set for which L A(X) # C(X), and suppose that

n(0X) =0 (DX is the boundary of X). Let W be a non-zero element of M(C) supported on X,
and annthilating A(X). Let f € A( X). Then

1 the next there theorems, We lave proved thes

F'(2)iz) = B(fu)(z) - F(z)(Bp)(z),
and
()@)€ Bu(fu)(z) + £ (2 2)|(Bup)(2)
u.e. with respect to m on X.
Proof: We set
E={:zeint(X): fi(z) < oo}.

It is standard that A(z) < o ae. with respect to m. (This follows from the fact that j €
L},4(C.dm)). By the comment immediately following the definition of fi, |ul({z}) = 0 (z € E).

Let z5 € E. Then there exists 9 € A(X) with

J(w) = flz0) ~ (w = z0)"(20)

olu) = o (w € X\{z0}).

Clearly ¢ = L1(X. Al Now. we obtain

*/——‘-Ei— r[“r (w) = I (u)/ . ————d|pl (1)
£ A"

Lo, ) 1
= ;Tif (20)] clu= id|ﬁ~"| w
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Since zg € E, it follows that

1/ f'(20)
T x|Ww—2

Hence f'(z)/(w — 2¢) € L'(X . dlj)).

L eolizo) < oo

d|p|(w) =

1
Then = /,\ glw)dp(w) = 0 because uLA(X). We obtain

S ) = J(zodiotzo)

/w0
Since |l({20}) = 0, 2 is regular, and g is supported on X, it follows that

(flie) = f(z0)) /(e - 20)? € LY (N dlul).

and that

(20) =

=

f'(20)

= Zu

. g fw) = f(z0)
= o '/X\A(zo €) ) d.“( )

=0+ T (w— 2z

Jim, (Be(f1)(20) — f(20)(Bep)(20))-

It is now clear that

['(z)i(z) = B(fi)(z) = f(2)(Bu)(z)
a.e. with respect to m on E. and that

If(2)(z)] € Bu(fu)(z) + 1f(2)|(Bat)(2) (2 € E).

Since m(X\E) = 0, the result now follows.

THEORE I 3.7 Let X be a compact plane set such that A(X) # C(X), and suppose that
m(8X) = ). Let ju be a non-zero element of M(C) supported on X such that pLA(X), and set

= glyx. Then the map
D:fr [l h, AX)— LiUX,dm)

i @ non--ero. continnous linear operator, and the extension D of D to A(X) is a non-zero,

continuous derivation, grven by

D(f) = B(fu)ix = [ (Bu)lx (/€ A(X)).
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Proof: Let f ¢ A(X). Then

IDFI < IBu(fu) + |fI(Bap)ll
S 2(IB. (Sl + N £1(Bass)l)
< 2ACs||Full + Cs|[FI| 1))
< 2ACs AN all + Csll 1 Niell)
= 4Cylul 1]l
_ S0 |IDf|l < 4Cy|ju

I 1]l and hence D is continuous. The continuity Of thé,ﬁ@al_' ,QP‘?f?tQF
D, and the fact that D extends D age immediate consequences of Theorem 3.6, Theorem 3.3
and Theorem 3.4.

The derivation identity is obvious. Since D

(z) = h, a non-zero element of L}(X,dm), the .
result is proved.
NOTATION. Let X be a compact subset of C. Then Z denotes the coordinatés functional on
X which is given by

ZM) =X (Aeo)

In the next theorem, we must distinguish between z which is an element in X and Z for
the coordinate functional.

THEOREM 3.8 Zet X be q compact plane set such that A(X) # C(X), and suppose that.
M(0X) =0. Let i be o non-zero element of M(C) supported on X such that pl A(X ). Then
there ezists C > 0 with

mf{|f'(z)|:2€ X} < Clflx (e A(X)). (3.2)
Proof: Let yand D be as in Theorem 3.7. Then

D)= f-D(2) (feAx)).
Set
Q={D(f): fe AX), |fix < 1}

Clearly Q is a bounded subset of L (X, din).

Suppose, for a contradiction, that (3.2) is not
satistied for any C > 0. Let (f,,)

be a sequence in A(X) satistying

fuly <L mf{ifi(z)l: 2 € X} > n (nen).
and sl

=1/, neN)
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Then gn — 0 uniformly on X, and so
D(Z) = gn* f- D(Z) = gn* D(fn) — 0 85 n — 00.

Thus D(Z) = 0, a contradiction of Theorem 3.7;
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