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In this paper, we give some result in the area of

uniqueness of fixed points in the case of complete 2-metric
space.

%TRODUCTION

he concept of a 2-metric space was introduced by S. Gabler [3], Recently the 2-metric
spaces has been developed extensively in different subjects by others, for example [5], [6] and

(7]

Definition 1.1. Let F be a function from a non-empty set X into itself such that Fx = x.
Then x in X'is called a fixed point of F.

Definition 1.2. A 2-metric space is a space .X in which for each triple points x, y, z there
exists with a real function d defined on X' x X x X such that

(i) to each pair of points x, y with x=# y from X, there is zey such that
d(x, y, z)#0.

(i)  d(x. y,z)=0 only when at least two of three points are equal.

(i) d(x,y, z)=d(x, z, y)=d(y, z, x).

(iv) d(x, y,z)<d(x, yu)+d (x, u, 2)+d(u, y, z).

Remark. Let y =z in (iv). Then we have

0<d(x, y,u)+d(x, u, y)=2d(x, y, u).
Hence d is non-negative.

Definition 1.3. Let .Y be a 2-metric space. If d(x,, x,a)—>0 forall ae X, we say that
the sequence {x,} converges to x, and x is a limit of {x, )

Definition 1.4. Let X be a 2-metric space. If d(x,, x,,, a)=>0 (m, n—x) for all
ae X, we say that the sequence {x,} is called a Cauchy sequence.

Definition 1.5. Let X be a 2-metric space. If every Cauchy sequence in X is convergent in
X, then X is called a complete 2-metric space.

SOME RESULTS ON FIXED POINT OF 2-METRIC SPACE

c give some result in the area of uniqueness of fixed points of complete 2-metric
spaces.

Let us start with the following definition.
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Definition 2.1. Let F be mapping of 2-metric space X into itself. Ifforall ae X
d(F"ix,u,a)—0 (i > ®)

implies d(FF"x, fu,a)—>0 (i ),

then F is called orbitally continuous.
The following theorem will be use in the next our theorem.
Theorem 2.1. [3]. Let F be a orbitally continuous mapping o
itself. If xq is the limit of Fx for some x € X, then X isa fixed point of F.
Theorem 2.2. Let F be a orbitally continuous mapping from a complete 2-m
into itself satisfies for all a,x, ye X
d(Fx,Fy, a) < ayd (x, Fx, a)+ ayd(y, Fy a)+ ayd (x, ¥, a),

f a 2-metric space X into

etric space X

where g;,a, and ay are non-negative numbers such that
a +@ +a3 < l.

Then F has the unique fixed point u in X’

Proof. Let x, € X. We define the sequence {x,} by
Xpi = Fxy, (n=0,1,2,...)
Then .
d(x,, dys1s @) S d(Fxyy, Fnsa)
< ayd (%1, Fxpo1, @)+ ayd (%, Fxy, @)+ a3d (Xy—1> ¥n> a)
= ayd (X1, Xn, @)+ @2 d (Xys Xnils a)+a3d (Xp_15 Xn» A)-
Therefore
(1-ay)d (xp, Xp+1,@) S (@) + a3)d (X1, %n; a).

So
a+am

d(x, Xpsl,d) S d (Xy-1> Xns a).

l-m
In the same way, we can obtain

ap+as

n
d(x,,,x,,+|,a)S( J d(x, X|).

|—a2

o0 o0 % n
It follows. that Z A (X X)) & (al—ﬁ d(xg, X)) Since Md, so the
n=0 n=0 I-a I-a

sequence {x,} is Cauchy. By completeness of X the sequence {x,} converges to the element

uinX. Thatis lim x, =u.
n—w

We have forall ae X
lim d(F"xy, u, a)=0.

n—w

Since F is orbitally continuous, so
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lim d(F™*'x), Fu,a)=0

n—x
Therefore

d(u. Fu,a)Sd(u,Fu, F"™%)+d(u, Frtly, a)+d(F™\xy. Fu, a)—0(n— ).
Hence d(u, Fu, a)=0. |If u# Fu,

u=Fu. So uis a fixed point of I,
For uniqueness, let 4

then d(u, Fu, a)#0 for some a. This implies

be another fixed point of F. Then
d(u, w, a)=d(Fu, Fw, a)
< ad(u,Fu, a)+ayd (w, Fw,

a)+ay (u,w, a).
Therefore

d(u,w) < ayd (u, w).
Thus o =y,

This completes the proof.

We state and prove Some consequences of Theorem 22,
Corollary 2.1. Let F be a orbitally continuous ma

into itself and a,x,yeX. Let F (k= 1,
Let

pping from a complete 2-metric space X
1) be a family of mappings from X into itself

FFj =FiF (k, j=12, .. n)

mMﬂﬁﬁmaLﬁﬁmﬁﬁﬂsqﬂmEBMQL®+QM%EB“

Fny, @)+ ayd(x, p,a).
where a),a, and a3 are non

-negative numbers such that q+a+a<l,
Then F; have the unique common fixed point in X.

Proof. Set V = R F, ...F,. By Theorem 2.2, we have
d(Vx, Vy,a) < qid (x, Vx, a)+ ayd (y,Vy,a) + ayd (x, y,a)
V has the unique common fixed point in X, saiy x'. 8o Vx'=x'. Thus
V(Rx)=F ()i =1, 2,..,n)
= F(x).
Hence F;(x') is a fixed point of ¥. Since ¥ has the unique fixed point x',

Fi(x")=x". This x' is common fixed point of
of V Then

Then

it follows that
Fi. For uniqueness, let x', x" be fixed points

d(x',x",a)y=d(Vx',Vx", a)
Sad(x'\Vx',a)+ ayd (x", Vx", a) + ayd (x', x", a)
It follows that
d(x', x", @) <ayd (x', x", a).
So x'=x"

This completes the proof.
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Corollary 2.2. Let Fi(k =12, ... n) be orbitally continuous mapping from a complete 2-
metric space X into itselfand a, x, ye X. Let FiF; = F;Fy (k. j = 1.2, ... n). Suppose there

a system of positive integers my, my, ..., m, such that
d(FM, ..., E"F?, ... EMy, a)<ad(x, A" £, .., Fy"x,0)
AL A my, M d(x a).
+tad(y. R B By y,a)+ad(x, ),

where aj,a) and a; are non-negative numbers such that a) +ay + a3 < 1,
Then F; have the unique common fixed point in X.

Proof. Let U = ™ /" F,". Then the proof follows by Theorem 2.2.

Corollary 2.3. Let F; (k=12,..,n) bea family orbitally continuous mapping from a
complete 2-metrick space X into itself and a,x, ve X, Let FiF..F, be commutes with
every F (i=1,2....., n). Suppose that

d(RF ... Fpx, FyFyy o Fy,a) S ad(x, i ... Fpx, a)
+and (y, FyFyy - Ay, @)+ @d(x, ), a),
where a,a; and a; are non-negative numbers such that a; +a + a3 <1.

Then F; have the unique common fixed point in X.

Proof. Let U = AF, . By, V =FaFpys - A Then

d(Ux, Vy,a) < ayd (x,Ux, @)+ ayd (3. Vy, a)+ad(x,y, a).
By theorem 2.2, U and " have the unique common fixed point x in X. Then
[*3=Vy=X% )
Forany F;, we have F;(Ux)= Fi(x). By the assumption,
U(F(x)) = F(x) and V (F(x)) = F(x).

Hence F(x)=x(i=12, .., n) which means that x is a common fixed point of {F}.

Clearly x is the unique common fixed point of {F}.

This completes the proof.

2EFERENCES

I.  Badshah. B., Fix point theorem in Branch spaces, Jananabha, Vol. 35, 73-78 (2005).

2. Fischer. B., Turkoglu, D.. Related fixed points for set valued mappings on 2-metric spaces, /nt. J.
Math. Sci., 23, 205-210 (2000).

3. Gahler. S.. 2-metric spaces and topological structure, Math. Nachr., 26, 115-148 (1963).

4. Iseki, K., A Property of Orbitally continuous mapping on 2-melric spaces. Math. Seminar, Notes., 5,
131-132 (1975).

5. Khan. M.S.. On the convergence of sequences of fixed points in 2-metric spaces, Indian J. Pure

Appl. Math., 10, 1062-1067 (1979).
6. Sharma, A.K. A note on fixed points in 2-metric spaces, /ndian J. Pure. Appl. Math., 11, 1580-1583

(1980).
7. Sharma. A.K., On fixed points in 2-metric spaces. Math. Seminar. Notes, 6, 467-473 (1978).

]




{"type":"Form","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":false}




{"type":"Form","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":false}




{"type":"Form","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":false}




{"type":"Form","isBackSide":false,"languages":["en-us"],"usedOnDeviceOCR":false}



