ISSN 1814-2672

&

for Research & Studies
Refereed Research Journal
Published by the Deanship of Scientific

Research & Postgraduate Studies
Jerash Private University

Volume (11) NO. 1 December 2006



AN o Analas (8 Ldal) Olaaly g alalt Eoedi3slas o subual

Yool Jol 5g31S Jo¥1 dall e (g aloet) et




Three kinds of Uniform Algebras

A KS. Al *

Receivedon:25 710 /2006 Accepted for publication: 23 /8 /2007
Abstract

Assume X is a compact space. It is possible to construct some different uniform
algebras on X . In this paper, we investigate three kinds of related uniform algebras on
compact space X . They are normal, have bounded relative units and strongly regular

uniform algebras. We study some results and some connections between the previous by

mentioned uniform algebras.
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1. Introduction

In this section, we shall give some standard definitions and results which we shall

need later in this paper.
Definition I.1. Let X be a non-empty set, and let f be a bounded complex-valued

function on X .-The uniform norm of f on X, denoted by | / "Y , is defined by

[ fle=sup{l/f(x)]:xeX)

Definition 1.2. An algebra A over the setofall complex numbers € isa vector

space A over € suchthatforall x,y and ze A, @ € C the following conditions

are satisfied :
X (yz)=(xy):

.
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(x+y)z=xz+y:z
x(y+z)=xy+xz
a(xy)=x(ay)=(ax)z.

If analgebra A has an identity, then we shall denote this identity by e.

Definition 1.3. A normed algebra is an algebra A with unit e which is normed as a

linear space and in which

[labll<Ilall[l6]] (abeAd).
We assume "eﬂ=l.

Definition 1.4. A Banach algebra A isa complete normed algebra A.

Definition 1.5. [4] Let 4 be a Banach algebra. A linearmap ¢ : 4 — € iscalleda

character if ¢ =0 and

0(ab)=¢(a) 9(b) (abea),

thatis ¢ is a non-zero multiplicative linear functional on A.
Theorem 1.1 [4]. Ler & be a character mapping on a Banach algebra A.Then ¢ is
continvous and | | | |=1.

Notation. Let 4 be a commutative Banach algebra. Then @, denotes the set of all
character mappingson 4.

Definition 1.6. Let 4 be a commutative Banach algebra. Let ¢ € @ . The kernel of ¢
in 4, is denoted by ker (¢), defined by

ker(¢)={/€4 :¢(f)=0}.

Theorem 1.2 [1]. Let A be a commutative Banach algebra. Let ¢,,¢, be two

character mappingson A. If ker ( ¢, )Cker(d,), then ¢, =6,.
Throughout this paper, a compact space X isa compact Hausdorff topological space.

Notation. Let X be a compact space. We shall denote by C(.X) thealuebra of all

continuous functions from X into ¢ .



Then C(X) isa commutative Banach algebra with the uniform norm.

Definition 1.7. Let A be a subset of C( X ). Then A is said be separates the points of
X ifforeach x,ye X with x=y,there exists fed with f(x)=/f(y).
Definitions 1.8. Let X be a compact space. A uniform algebra on X is a closed

subalgebra of C( X ) which contains the constant functions, and separates the points of

X3l
Let us note that every uniform algebra is 2 commutative Banach algebra with unit.

Definition 1.9.. Let A4 be a uniform algebra on a compact space X . Foreach xe X

the mapping €, , defined by
e(f)=/(x) (fe4)

is called the evaluation mapping at x.

Cleary €, €@, (thatis, every evaluation mapping is a character ).
Definitions 1.10.[5] Let 4 be a uniform algebra on a compact space X . Let xe X

We define the following idealsin A by setting

J.={f€d: £ '(0) is aneighbourhood of x }.

M ={fed N (x)=0]3

and

""{,lz'= zfrgJ 2 S8 EM, -
(=l

We notice that M = ker(e, ) and M isa maximal ideal.

Lemma 1.3 [5]. Let A be a uniform algebra on a compact space X.Let xe X. Then
M isclosedin A.

Remarks. We shall record the following observations

(i) J,CM_ and MICM, .

(ii) M? isnot necessarily closed in 4.

(iii) Since M is closed in A and since I (the closure of J ) is the smallest



closed subset containing J__, so J, € J CM. .

Theorem 1.4 (Urysohn's Lemma) [5]. Let E and F be the disjoint non-empty closed
subsets of a compact space X . Then there exists a continuous function f: X — [ 0, l] such

that

f(x)=0 forall xeF,
and

f(x)=1 forall xeE.

Definition I.11. Let 4 be a uniform algebra on a compact space X . Then 4 s called trivial
if A=C(X).Otherwise, itis non-trivial.

Definition 1.12. Let 4 be a uniform algebra on a compact space X' and xe X. Let

¢ €, . Thena Jensen measure for ¢ isaregular measure p on X satisfying

loglo(£)| < [ log £ (x)] du(x) (fe4).
A
Theorem 1.5.[2] Ler A be a uniform algebra on a compact space X . Let ¢ €D, . Then
(1) There exists a Jensen measure for ¢.
(1i) Every Jensen measure for ¢ is a representing measure for 0.
Notation . Let (X, d) be a metric space. The open disc A(a, ») with centre a and radius r,
is defined by

Ala,r)= {x eX: d(.\‘,a)<r}.
The closed disc Z(a, ¥) is given by

E(a,r) = {x eX : a’(x,a)gr}.



2. Normal, having bounded relative units and strongly regular

uniform algebras
In this section, we shall give three kinds of related uniform algebras. They are the
normal, having bounded relative units and the strongly regular algebras. We have
induced some results concerning these uniform algebras.
Now, we state and prove the following lemma.

Lemma 2.1. Let A be a uniform algebra on a compact space X.Let xe X. Then

M _ separates the points of X.

Proof. Let x,y €X and x =y .Let A bea uniform algebra on a compact space X .

Then there exists f €4 with f(x)=/(»).
Let x, beafixedin X. Define a function g by

g(w) = f(w)=f(x) (weX).

Let w,,w,€X suchthat w,=w,.Then S(w,) =/ (w,). S0
Fw,) = f(xe) =7 (W) =S (x0).
Hence g(w,) = g(w, ) Thus g isawell-defined function.

Clearly g € My . Then
g(x)-g(y)=f(x)-f(y)=0.

Hence g(x)=g( y) .Thus M_ scparates the points of X

Definition 2.1 [6]. Let X be a compact subset of €. Then Ra(.\ ) is the set of

restricted functions on X of rational functions with polesoff X'

We define R(X ) isthe closure of Ry(X ) in C(X).

The following lemma is standard.

Lemma 2.2, Let X be a compact subset of C. Then R(X) isauniform algebra

P ER-Tae S
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Definition 2.2 [6]. Let A be a uniform algebra on a compact space X . Then 4 is

called normal on X if for each pair of non-empty closed sets E,F contained in X
with FNE =@ , there exists f e 4 with f (E)C {1} and / (F)C{0}.

We state some results conceming normal uniform algebras.
Theorem 2.3 [4] . Let X be a compact subset of C. If R(X) is a normal uniform

algebra, then the interior of X is an empty sel.

Theorem 2.4 [3]. Let X be a compact subset of C . Ler X, (i =1,2,...,n)be
compact spaces and X =0 X,. if R(X,) isnormalon X,, then R(X) is
i=|

normal on X .
Theorem 2.5 [6]. Let A be a normal uniform algebra on a compact space X. Let

xeX.Then J, separates the points of X.
Remark. Let 4 be a normal uniform algebra on a compact space X . Let xe X. If we
drop the normality condition of 4, then J, may not be separates the points of X .

For example, let X = E(O,l) be the closed unit disc. Then R(E(O,l)) is a uniform

algebra on the compact space 4(0,1). Let / €J, . Then we have the following related

steps
/s a holomorphic function on A(0,1)
f =0 onaneighbourhood of x €.X
J/ =0 on 4(0,I)( by the identity principle).
f =0 on a(0,1)(by continuity of f ).
Thus J,={f €R@O) : £ =00n B0, }

= {0}.
Hence J, does not separate the points of R(A(0,1)).

Lemma 2.6 [6]. Let A be a normal uniform algebra on a compact space X , and let

xeX.Then J,C M2
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Definition 2.3. Let A be a uniform algebra on a compact space X, and let xe X.

Then A has bounded relative units at x with bound C if for each compact subset £

of X1{x}, thereexists feJ, with f(E)C({l} andwith |f|, <C.

The uniform algebra A on a compact space X has bounded relative units if A has
bounded relative units at every point x of X .
We give the following example.

Example 2.1. Let X be a compact space. Let E be a closed subset of X, and let

xe X\E.Let F be a closed neighbourhood of x in X suchthat ENF =2.. By
Urysohn's lemma, there a function feC(X) such that [ : X — [0,1],

f=0 on F,
and

=S oniioN
Then | f]|, <1 and fel,.

Thus C(X) has bounded relative units.

Theorem 2.7 [3]. Let X' be a compact subset of C. Let A be a uniform algebraon X .
If R(X) has bounded relative units, then C(X )=R(X ).

Theorem 2.8 [3]. There exists a non-trivial uniform algebra A on a compact space X
such that A has bounded relative units.

Theorem 2.9 [3). Let A be a normal uniform algebra on a compact space X . Suppose
that A={f*: feA}. Then A has bounded relative units.

There are two different methods for the proof of the next theorem. We shall give the
technique of the first method of this proof. The second method of the proof appears
later in this paper.

Theorem 2.10. Let A be a uniform algebra on a compact space X . If A has bounded
relative units, then A is normal.
Proof. Suppose 4 has bounded relative units, Let £,F be two closed disjoint subsets

of X .Then E,F are compactof X .Let x € F andlet u, be aneighbourhood of

v .Since x g E , sotherca function f, €J, suchthat f (u )=0, f.(E)=1




and | f |y <C Since {u, :x €F} cover F, so there exist finite open subcover

{tsu, x €F) of Fulet f=1] f, . Then

S ( u, )=0 forall i=I...,n.

Hence f(F)=0 .Also SENE]
This completes the proof.

Definition 2.4 [3]. Let 4 be a uniform algebra on a compact space X, and let xe X.
Then 4 iscalled strongly regularat x if ‘Z=M:'

The uniform algebra 4 on a compact space X is strongly regular if it is strongly
regular at every point xe X .
Remark. There are some uniform algebras on compact spaces which are not strongly

regular. For example, let n € N,and let [=[a,b] bea compact interval of R.

Let C™ (1) be the algebra of n-times continuously differentiable functions on 1 with
the norm

n

I s 1 (*) (n)
an a |70 (recomn)

k=0

Let »>1.Thenfor k= 0,1,...., n, we can define

M, (x,)= {f GC("’(I) : fYY ) =0 (j=0,1,2,..k ) }
Each M, (x,) isaclosed ideal in C™(I) and
M, (x)EM,, ((x)C..CM, (x,) C M, 4(x,).
The ideal M, (x,) is the maximal ideal at x,. Then
(a
J,C M, (x)z M,,(xp)= M,

= c
Thus  J CM, (x,)= M,
It follows that J__ = M, . Hence C"(/) is nota strongly regular uniform algebra.

The following results concerning strongly regular uniform algebras.



Theorem 2.11 (3] . Let A be a uniform algebra on a compact space X. If A has
bounded relative units, then 4 is strongly regular.

Theorem 2.12 (7] . If 4 is strongly regular uniform algebra on a compact space X,
then A is normal.

Corollary 2.13 Let 4 be a uniform algebra on a compact space X, If A has bounded
relative units, then 4 is normal.

Proof. The proof follows by Theorem 2.11 and Theorem 2.12 .
Theorem 2.14.. Let X be a compact subset of C. Ler R (X) be a strongly regular

uniform algebra on a conmpact space X . Let xe X. Then J, separates the points of
X.

Proof. The proof follows by Theorem 2.12. and Theorem 2.5.
Theorem 2.15 . Let X be a compact subset of C If R(X) is a strongly regular
uniform algebra, then the interior of X is anempty set

Proof. The proof follows by Theorem 2. 12 and Theorem 2.3.

We state and prove the following two theorems.
Theorem 2.16.. Let 4 pe strongly regular uniform algebra on a compact space X .
Then M, =M? .

Proof.. Let 4 be strongly regular uniform algebra on a compact space X . Then A is
normal  ( by Theorem 2. 13 ). So by Lemma 2. 6 s S, Ml

Hence I QM_:Z. Since 4 is strongly regular, it follows that M, C Ajf?

Since M C M, and M isclosed , so MIc M,.Thus M, =M.

Definition 2.5. Let X be a compact space and let H CX . Then H is called the
closed support of a measure 1 on X if H is the smallest closed set such that
LX\H)=0.

Theorem 2.17. Let A be a uniform algebraon a compact infinite space X . Suppose

that A s strongly regular at all but finitely many points of X . Let ¢ €d,. Then
¢ = gx ’
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Proof. Let €, ard let p Jensen measure for ¢ on X.Let ff o s closed

support of 1. Suppos: that A is strongly regular at some point x € .

Let f €J,.Since f s identically zero in a neighbourhood of x € H., s0We obtain

f log| f (x)| dp(x) =—c0.

Since

Jtoel 7 ()] di (x) = [log] 7 ()] dpx) + [ log] £ ()] dnx)

X\H

and (X \H)=0, i: follows that

[ tog| £ (x)] dux)=0.

X\H

Henee log|g( f )| < f log| / (x)]| dp(x) = —c0.

Thus ¢ ( f)=0. He:ce 4. 1C Md:' We have JT:M‘. It follows that

J. CJ, §M¢. Thus J. CM, S;Mé. Hence M, C_MW So ker (e, ) Cker(¢).

Hence By Theorem 1.2, ¢ =EL
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