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ABSTRACT

Let A be a uniform algebra on a compact space X and F be a subset

of A. Let A be F - extension of A . Then A isa root extension of

A . In this paper, we give a study of properties of root extensions.

-1. Introduction

In this section, we shall give some standard definitions and results

we shall need later in this paper.
Definition 1.1 [2]. Let S be a non-empty set, and let f be a bounded ,

complex-valued function on S. For each non-empty set E contained in S,

the uniformnorm of f on E, denoted by l f (E , 18 defined by

'f,E=s1gp{lf(x)|:xE E}.
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o =
f z(A)=A4 (AeC).

13 (4] Let (X ,d) be a metric space. Let ae X . The closed
.ﬁo :
{ ) with centre  a and radius r,is defined by
'sCD ’ =

4 . rar)= {x€X 1 d(x,a) <r}.

o 11 (4. A function f from a topological space (X, T) intoa
£

pological space (Y, T") is continuous if and only if f & ({0}) is

0

| o in X for every openset O in Y .
0

| pefinition 1.4 [4]. A topological space (X ,T) is called a metrizable

Space'lfthefe exists ametric d on X which defines the topology T on
.‘ X ; .

| pemma 1.2 [4). A closed subset of a metrizable space is metrizable.
Lemma 1.3 [4]. A countable product of metrizable spaces is metrizable.
Lemma 1.4[4). A closed subset of a compact space is compact.

Theorem 1.5 [4]. ( Tychonoff ). The product of a collection of compact

spaces is compact.
Definition 1.5 [31. A normed algebra is an algebra A which is a normed

linear space A and
flabllgllallllbll (abe A).

~ Definition 1.6. 31 A complete normed algebra A is called a Banach

lgebra.
124
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Definition 1.7 [3]. Let A bea Banach algebra. The non-z¢, elem,
ent

in A is called an identity element (orunit) if
ea=ae=a (acA).
If a Banach algebra A has an identity element e, thep the ig
€tip,
element is unique. ty
A Banach algebra A is called commutative if

ab=ba=e (abcA).

In this paper, we assume the identity element e = 1.
Definition 1.8. [3]. Let A be a Banach algebra with unit. The ¢] emeny
a

in A is called an invertible if there exists an element b in A SUch thy
ab=ba=1.

Lemma 1.6. [3]. Let A be a Banach algebra with unit. Let q p, al
invertible elementin A . Then a’ is invertiblein A .
Throughout this paper, a compact space X is a compact Hausdorff
topological space.
Notation. Let X be a compact space. We shall denote by C(X) the |
Banach algebra of all continuous functions from X into € .
Definition 1.9. [2]. Let F be a subset of C(X ). Then F said to be
separates the points of X if for each x,ye X with x# y, there exists
feF suchthat f(x)=f(y). |
Definition 1.10.[2]. A uniform algebra A -on a compact space X is a
closed subalgebra of C(X ) which contains the constant functions, and
which separates the points of X . |

Remark. Note that every uniform algebra is a commutative Banach
algebra with unit.

125



2. Root Extensions

L sniform algebra on a compact space X . Let F be a subset
A

F .

A Jenote by C the collection of all functions from F into €
(o
)

c the usual product topology.

.ve .

e? P Let A be a uniform algebra on a compact space X . Let F
ma = F

w:gubse‘ of A- Then C is a metrizable space.

‘

b F
of - SINCE e

quC’SOby Lemma 1. 3, CF is metrizable.
pro v

;2 be a coordinate functional . Let x € X . We set
v .

')Z_-:{(x, DERROHHZ Y LI feF)}-

We state and prove the next results concerning the space X

[emma 2.2 . Let X be a compact space. Then

P)Z_C_Xx ZECF'.\Z( f)\g\ f\z (feF)\_
X
Proof . Let (x,z)€X . Then Z( £ = f(x).
2
So\z(f)\ =\f(x)\.Thus

\z(f)\=\f\f(x)\

= i

This completes the proof.

Lemma 2.3. Let X be acompact space. Then )? is closed.

126



.‘—‘-'xz :; o

ﬁa J/dwwd«"”“’ff’”f’“’ L=

Proof . We define a function 8, .X xC" -5 C by

g/(x,z)=z( f)z— Yo ((feF(xd)e Xx@r)‘

Then ¢ s a well-defined and continuous function. We gy,

)?={(x,z)eXxCF:z( =4 (feF)}

5 ﬂ{(x,z)e X x (CF‘ : 2( f)zzf(x)}

feF

=[] g (o))

feF

Since g is continuous, SO X isclosed.
/

Lemma 2.4. Let X be a compact space. Then X i& a compact spac
g,
Proof. We shall need to prove that
z=0 lz(f)]<lf| (feF)}

is compact. We have

{Zea'F:[Z(f),S]fli(fGF)} =fl;[{we€‘:'w’s’ f].% }

=11 & (o, lfl JiF

feF
where H A (o, | 1 | is the closed disc with center at 0 and
feF
radius [ f IE
X
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(0.1 \zx) is compact, so by Tychonoff’s Theorem 1.5
(l
5"

K(O, | # \Ex ) is also compact. Again, by Tychonoff’s Theorem

#i

.Xx{zecpz\z(f)\'i\f\; (feF)},

~

Lompact SPace: Since X isaclosed subset of

xx{zee |z (H||f] (fep]

| o by Lemma 1.4, X is a compact space.

~

Lemma 25. Let X be a metrizable space. Then X is a metrizable

space.
proof. Let X be a metrizable space. Then X xC' is metrizable

(Lemma 1.3) . Since )~( c X xCf and X is closed (Lemma 2.3 ),

) i is metrizable .

Let A be a uniform algebra on a compact space X .Let F be a subset

of A. Foreach fe F wesel
pf(x,z)=z(f) ((x,2) € X)

Thuseach p_ isan element of C ( X ). Then
f

(pn pEEy YRS R (X2 ) € X).

B epne. J1: X 2> X by
Wi(x,2) =% ((xz)cX)
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. *
Clearly T is a continuous mapping. We define IT': C(x)_, o

n*(f):foﬂ (fEC(X))_l

Lemma 2.6. H*(l)=l.
Proof. There is 1eCX) with
15w xeX . Then

1(x)=1 forall x A
ere

fec(®X) with 1(x)=1 for al

(1eT)(X) =1 (T(x))
— |

Thus 1oTT=1.Hence I'(1)=1.

Definition 2.1. Let A be a uniform algebra on a compact space by
F be a subset of A. The root extension of A, denoted by A5 he
smallest closed subalgebra of C(X ) containing I (A) S the
function pf (feF). The algebra A is called the F -extension of A

We state and prove some results concerning A

Theorem 2.7. Let A be a uniform algebra on a compact space X . They

~

A is a uniform algebra on a compact space X

Proof. Since H*(1)=1 ( lemma 2.6), SO A contains the constants

functions. We shall show that A separates the points of Bl ‘
:

Let £, (i=1,2) be distinct elements of X suchthat %, = (x,.2,)

We shall find a function g € A with g(¥,) # g (¥,).

Firstly, suppose that x, =x,. Then there exists f €A with

W) 2 (Cx, )8
g=T(f) (feA)

1129
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4 g(x) = (fell)(X)
= f (TI(%))
=)

# f(x,)
=180 )

o m suppose that the coordinate functionals 7 A e

y g, Then there exists f € F with 2 f)# Z(f).Take g =p

s completes the proof.

(i 28. Let A be a uniform algebra on a compact space X . Let A
pe the F -extension of A . Let f,g €A. Then

* *
M (fg)=T(f)M(g).
proof . Let x€X . Then

((fg)(x)=((fg)eM)(x)

(fg)T(x))

f(II(x))g (IL(x))

S () (X)) (M g)(x).

This completes the proof.
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9. Let A be a uniform algebra on a compact Space y

R invergip, hLer,q
’ ) 1 en

Lemma 2

be the F -extension of A«

m( f)is invertible.

Proof. Suppose f 1s an invertible element in A Thep g e
ISty

g €A such that f g =1. Wehave
T(F)M(g)=M(fg)
= l-[*( ]_)

= 1.

Hence IT( f ) is invertible.
Lemma 2.10. Let A be a uniform algebra on a compact space 9
S

be the F-extension of A .Let f €A, If [ is invertible, then
p

is invertible. /

*
Proof. Let f € A be an invertible element. Then IT ( f ) is inye Hible
(Lemma29)Since I (f)= p;,so by Lemma 16 , p s

invertible.
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