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Abstract
In this paper, we give two sequences of positive numbers (M, )2,
which are algebra sequences and logarithmically convex sequences. Also,
we give two spaces of infinitely differentiable functions C(M ,) and
E(2,M,) which are related to the previous sequences. We give some

properties and results concerning these spaces.

1. Introduction

In this section, we shall give some standard definitions and results
which we shall use later in this paper.
Notation. Let R denote the set of all real numbers and let C denote the

set of all complex numbers.
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Definition 1.1. Let X be a non-empty set, and let f be a bounded

complex-valued function on X . The uniform norm of f on X,

denoted by | f ||X , is defined by

”fo =sup(l f(x)l:xeX}

Definition 1.2. A normed algebra is an algebra A which is normed as a
linear space and in which

lHabll<Ilallllbll (abegA).
We assume ||1“=1.

Definition 1.3. A complete normed algebra which is a Banach space is
called a Banach algebra.

There are two kinds of derivatives of complex functions.
Notation. We denote K ' by the set of all limits points.
Definition 1.4. Let K be a compact subset of €. Then K is called a
perfectif K =K.
Definition 1.5. Let K be a perfect, compact subset of €. We say that
f: K — C is complex- differentiable at apoint a€K if the limit

fey= lim TBZF@

z—a, €K z—a

exists. We say that f is differentiable on K if it is differentiable at each

point of K . Definition (1) is equivalent to:
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A function f: K — € is called complex- differentiable at a point

ac K iffor each €>0 thereexists §>0 such that

flz)—f(a) __fl(a) <c

Z =4

forall ze K and 0<|z—a\<‘6.

1

Itfollowsthat | f(z)—f(a)— f'(@)(z—-a)| <€ |z -a]

Notation. Let K be a perfect, compact subset of €. We denote the n-th
complex derivative of f atapoint a€K by f G (Y.
Definition 1.6. Let K be a perfect, compact subset of Then [ is called

infinitely complex-differentiable on K if f( existon K forall

n>1.
Definition 1.7. Let K be a perfect, compact subset of C. Let
f: K — € beacomplex- differentiable function at a point a € K . Let

T be a linear map from C into C and for each €>0 there exists

8§ >0 such that

| f(2)=f(a)—-T(z-a)| <elz-a|l - (2)

forall ze K and 0<|z-a|<$.

The unique linear transformation which satisfies (2 ) 1s called the Frechet

derivative of f at a and is denoted by T(z—a)=D(f)(a).
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Notation. We denote the n-th Frechet derivative of a function

f:R*—=C by D"(f).
Let R"(n>1) be the Euclidean space. If n = 1, then a complex

derivative and a Frechet derivative are the same. Let n = 2. If a complex
derivative f '(a) and the Frechet derivative D ( f)(a) both exist, then

for x € C=R?, we have

D(f)a) (x)=f'(a)x,
and so
D" (f)@|=|f"(a).
Lemma 1.1. [ 2]. Let D(f) be the Frechet derivative of f.Let
a€C. Then 5
(i) D(af)=aD(f).
(i) D"(ef)=aD"(f) (n€N).

Notation. Let C *(R) denote the class of all differentiable complex

functions on R.

Theorem 1.1[1] . Let f,g €C*(R). Then
(i) f +g€C™(R)
(i) f g €CT(R).

(ili) af €eC*(R) ( a isconstant ).
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Theorem 1.2 ( Leibnitz's rule)[ 3].Letf,g€C ™ ( R) and acR-
Let neN . Then

(f-g)" )= z": (:) f(”(a). 2" (a)

=0

Remark.Let f, g €C*(R) and aeR . Leibnitz’'s rule gives us

o @<y () Fr @] e @]
=0

2. Algebra and logarithmically convex sequences

+ In this section, we introduce two kinds of sequences of positive real

numbers.
Definition 2.1 [3]. Let (M ,) be a sequence of positive real numbers . If

the sequence ( M ) satisfies M (=M =1 and

for all non-negative integers k, n with k< n, then we say that (M ) is

an algebra sequence .

Example 2.1.Let M = (n!)? (n€N).Then
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Hence (M ) is an algebra sequence.

In the same way, we can show that the sequence (n!)® (a >1) isan
algebra sequence.

Lemma 2.1 If (M) is an algebra sequence, then M, >n! for all n.

Proof. Let ( M ) be an algebra sequence. Then

n
M" 2 ]’
M, M, _, k
forall k <n
Let £k =1. Then
n
M, > =n.
MIMn—i :
So
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Hence M, > n M _ . Itfollows that

M >nM,_2n((n-1)M

n — n

2 e BIM g .

n -1 =

Thus M > n!. ' : .

#a: ve—

|
|
| Definition 2.2. [4] Let (M, ) be a sequence of positive real numbers
; such that M , =1 and

M, (n21).

n — n=-1

Then (M ) iscalleda logarithmically convex sequence.

} Example 2.2. Let M = n! (n€eN).Then

M, = (n+1)! (n—1)!

|
1 M n+l
|
=(n+1)n!(n-1)!
=(n+1)n(n=1)!(n-1)!
= (n+1) n((n=DY’
> (n ')
Hence (M ) isa logarithmically convex sequence.
Lemma 2.2 [f (M) is a logarithmically convex sequence, then
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Proof. Set A, =log(M,). Since (M,) is logaritmically convex

a

sequence, so
2An S An—I+An+l
So
< An—l + ‘én-i-l
T 2

Let j=1,2,...,n—j,...,n. The convexity of log(M ,) shows that

It follows that
A, -A <A -4

n-j *

Since A, =0, so we have

Hence log(M,)+log(M, )<log(M,)
log( M, M,,_}.)Slog(M").
It follows that M | M <M, (j<n).

n-j =

Lemma 2.3. If (M) is a logaritmically convex sequence, then
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(i) M, M, <M,M,, (j<n).

j+l

(i) M, M_< M,  forall m,n.
3. Spaces of infinitely differentiable functions

In this section, we introduce two kinds of spaces of infinitely
differentiable functions. Also, we give some their properties in some

results.

Definition 3.1. Let (M ,) be a sequence of positive real numbers. We

define the space C( M, ) as follows :

C(Mu)=[f €eC~(R): H f.m ”R <u

7 M, (n==0,l,2,...,n)} :

(n)

where f is the n-th derivative of f , the norm

| f “R =sup { f(x):—oco<x <}
is  the uniform norm over R and #,,7, are positive constants

dependingon f .
Lemma3.1. Let f,g €C(M,).Then f +g€C(M,).

Proof.Let f,g €C(M,).Then

<wp v M,
R r s

H f<n:




“ fln) FS g""
R

IA

| £

are
R R

< "M :
_.Uf’)’f nt B, M,

S (v, tpy, )M,
Hence f +geC(M,).
Lemma 3.2. Let o« be a constant. Let f cC(M,). Then
af eC(M,).

Proof. Let f €C(M,).Then | f ™| < ,uf"y;M”.So
R

| (afr

S Lop Yoy M.
R f.f

Hence aof €C(M ).
Lemma3.3.Let f,g €C(M,).Let o, 3 be constants. Then
af +B8geC(M,).

Proof. The proof follows by Lemma 3.1 and Lemma 3.2.
Lemma 3.4. Let o beaconstant. Then C(M )= o C(M ).
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Proof. Let f €C(M,).Then | f
R
Set u} =1 u, - Then

R

<ap vy M,
R f

< A"

<u, v, (aM).
Thus f €C(aM,).Now,let f €eC(aM,).Then

|7

Rs 0, (aM )

=(auf)~/f M,

where o K is anew constant. So f €C(M ).

It followsthat C(M,)= aC(M,).

Le_mma3.5. Let f eC(M,). Then

171,

i — | <
limsup v =7,

n—x n

Proof. Let f €C(M ). Then
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&
=
13
A\

7, M
limsup < limsup
n—oo n =00 Mn
= llTj:p K, 'rf]
1
= 7t )
. i
Since [, isapositive, so liTitlp (p,f)" il
L
H f(n) n
Hence limsup | —R | < v,

n

Lemma 3.6. Let (M .) be a logaritmically convex sequence. Let
f.8€C(M,).Then fg €C(M,).
Proof. Let f,g €C(M,).Then -

|7

n
R f

(n)

| e
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Leibnitz's rule gives us

| (Fom] <
R

A
.
-

I\g

IA
=
-
=
%
——
2
+
)
29
<
E]

Thus f g €eC(M,).
Definition 3.2. Let (M ») be a sequence of positive numbers. We define

the space E(2,M ») as follows :

E(2M )={ f eCc*R?): }i[M*,: nz)"(f)"C <oo},
n=0

where “ D”(f)"C: sup{ “ D”(f)(a)“ : aeC}.

We give some properties of E (2,M ,) in the next results, The proofs are
the same of proof of results of the space C(M ).

Lemma3.7. Let f ,g € E(2,M). Then f+8€EQ,M).

Lemma 38. Let o be a constant. Let f cE(2,M,)). Then J i
af EE(2M) .

Lemma 3.9. Let M be an algebra sequence. Let f,g € E(2,M ) . Then
f-8cEQM,).

Theorem 3.1. [4]. Let M bea sequence of positive numbers. Then

E(2,M ) ) is a Banach space with respect to the norm
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Theorem 32. Let M be an algebra sequence. Then E(2,M ) is a

Banach algebra.

Proof. By Theorem 3.1, E(2M ,)is a Banach space. Let
f.8€E(2,M ) . Then

ZMIP o) s TH IS () b0

c

< n 1 \ | i
LY 1Pl gl

<| 7]l ¢l
Thus nfg nS“fM g“

That is E(2,M ,) is a normed algebra.

Hence E(2,M ) is a Banach algebra.
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Notation.. Let f be a complex-valued function distribution on C.
Set

_ i of
a(f)_;[(?x Bv]

We shall need the following lemma in the next theorem..

Lemma 3.10. (47, Le £ be a complex differentiable function . Then
LECIESN <o 1))
C o

Definition 3.3, ¢ (M) be a sequence of positive numbers. We define

2 ew sequence of positive numbers (M, ) as follows

= M.  n>0
M’I =
1 n=0,
Theorem 3.4. [¢; f €E(2,M ) . Then
| 3¢ <lsl

E(2, M) EQM7T)

Proof. Let f €E(2,M,) . We have
LT )
: E(2, M) n=0
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We have

i = S ) [oron)
EQMT) = =
- (MJ)“ (“ f ||C) & z;(M) “ D"(f)“C
e By o)
- 1 f:] (M,.) (\ Dy

o EA S o AR PR

= Z LAl PR
Thus | 3¢f) souy =171

E(Z,M:)
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