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Abstract:

The aim of the paper is to study the existence of a unique solution of a nonlocal problem of
coupled system of differential equations with nonlocal two-point boundary conditions. By
means of Banach fixed point theorem, an existence result of a solution is proved for the

nonlocal problem considered.
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I. Introduction

A number of studies on the existence of solutions for several classes of problems with
nonlocal conditions have been carried out ( [1-4], [6-13] and [15] ) .
In [ 8] the authors studied the uniqueness solutions of the nonlocal problem

dx
o - hAley(®). te(o.T]
d
d—f=fz(t,x[t]), t € (0,7]
with the nonlocal conditions

x(0) + Xi-; apx(t,) = x4 a, = 0,7, € (0,T)

U[:ﬂj +E;'n:1 b_;'x (_ﬂ_j) & _-!’FI}J' b_;.‘ = ﬂ: ?F_;u' S [EIJT)

Also, in [15] the authors studied the existence of at least one solution of the nonlocal

problem

T =fleyleu®)  te(01] (1)
2= htx(e(2)).  te(01] )
with the nonlocal two-point boundary conditions
x(1t) +ax(n) =10, 3)
y(z) + By(n) =0, (4)

where T #n, 7,7 € [0,1]and &, § = 0.
In the present paper we study the existence of a unique solution of the nonlocal problem
(1) -(4).
I1. Notation and basic facts
In this section we collect definitions and auxiliary facts which will be needed further on.
(1) Let € = C(I) denotes the class of continuous functions defined on the interval I = [a, b]
with the standard norm
NIl = SILPrE[n,b]lf(t)l'

We will accept the following definition of the concept of a contraction operator.
Definition 1. [5] Let T be an operator defined on a set £ in a Banach space E, satisfying the
condition:

ITx —Tyll < qllx—¥ll, x,y € B.
If 0 =g = 1, thenT is called a contraction operator.
Also, we will only need the following fixed point theorem.
Theorem 1. [ 14] ( Banach fixed point theorem )
Let T: X — X be a contraction operator, where X is a Banach space and there is a
nonnegative real number ¢ < 1 such that [[Tx — Tyl < gllx — vll. ¥ x,y € X. Thenthe
map T admits one and only one fixed point z € X such that Tz = =.
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I11. Integral Representation

Let X be the class of all ordered pairs (x,v ), x, v € €(0,1] with the norm

1Ce, v Ml = llxll + lyll = sup, epo, 4712 (E)| + sup,cpo171¥(E) 1,

and let @;: [0,1] — [0,1] be a continuous function for i = 1,2.

The nonlocal problem(1) - (4) will be considered under the following assumptions:
(hy) f:[0,1]1% R = R is continuous for i = 1,2.
(h,) f; satisfy the Lipschitz condition

Ifi(t.x)—Ffi(tw<llx—yl, L=0 i=12

Then we have the following lemma:
Lemma 3.1 [15]  The solution of the nonlocal problem (1) - (4) can be expressed by
system of the integral equations

x(t) = .r[:fl (sr}’[‘Pl (5'))) ds _L.r[;;l fi (s,}r(qul(s]))ds -

_i.r[;ﬂ (s,}r[cpi(s]))ds, (5)
and
v(®) = J; o (5.%(02(9)) ) ds — 155 [ fa (5. %(02(s)) ) ds —
~mz ks £ (sx(e:(9)) ds. (6)

Proof. Integrating equation (1), we obtain
x(0) = 2(0) + [{ £, (5. ¥(0,(9))) ds,
x(m) =x(0) + [7 £, (s, ¥(1 () ) ds

and

ax(n) = ax(0) +a J] f, (5, ¥(¢,(5)) ) ds
()
Let t = T, then

x(1) =x(0) + [; £, (s.y(e. () ) ds. (8)
Substituting from equations (7) and (8), we get
x(0) =— ﬁf;a fi (sr}’[‘Pl (5'))) ds — i .rur fi (sr}’[‘Pl (5'))) ds .
Hence

x(t) = .r;fl (Sr}’[‘Pitsj)) ds _ﬁféa fi (Sr}’(‘Pi(Sj))ds -
_i.r[:fj_ (s,}r[cpl[s)))d&

Similarly, Integrating equation (2), we obtain

(&) =¥(0) + J; £ (s, x(0.(9)) ) ds,
y(m) = y(0) + [} £ (s.x(@:(5)) ) ds,
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and
Bx(n) = px(0)+ B[] £, (5. x(02(5)) ) ds. 9)
Lett = T, then
y(2) = y(0) + [ £, (5,x(e,(5)) ) ds. (10)

Substituting from equations (9) and (10), we get
¥(0) =~ 120 £ (s.x(02(9) ) ds — 5 [T o (sx(02(9)) ) ds

1+3 70 1+8
Hence

(&) =[5 £ (sx(e2(9) ) ds — {5 17 12 (s:x(2(9)) ds — 55 o (5x(02(9)) ) s,

1+8 1+8-0
Now, differentiating (5) and (6) we obtain

= _]" fl(s v(eo, ( sj))d5+ﬂ

rir
This mean that

S =h(ty(e®)).
Similarly,

. ——f £ (s x(cp {s])) ds + 0.

This mean that

= (6x(e:())

Also, from (5) and (6), we get
x(z} = _r fi (5 V(‘PL'[S])) ds _EIH fi (5' V(‘Pl Sj)) ds — i.r,} fi (5' V(‘Pl{sj))
= 2 (A (sy(e))ds — [T fi(sv(eu(s))) ds),
(

and
x(n7) _f f (S v(fﬁ‘l S]])ds —mf £ (s v(g,(s)) )ds — —f fuls.v(e,( 5]))
i (-r fi (S V(‘pl{s])) ds — --r f (S V(@ﬂi 5])} ds)
Hence
x(1) +ax(n) = 0.

Similarly

y@ = [ £ (s. xl[fP () ds = 7 £, (s x(0:(9)) ) ds = 25 5 £ (s.x(02(5)) ) ds.
T (_f fa (5 (e, {SJ)JdS - L f (S’X(‘P_{Fj)) ds)

and

y(m) —_r fz (s x(fﬁ‘ (sj))ds —mf“f (s x(cp:{sj)) ds — m_f £ (g,x(fp:(sj)) ds
= S (LA (s x(e:9))ds = [ (s:x(e:())) ds)
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Hence
y(r) +By(n) = 0.

This proves the equivalence between the problem (1) — (4) and the integral equations (5) and
(6).
Now we are prepared to formulate our main existence result.
IV. Existence theorem
In this section we will study the existence of a unique solution of nonlocal problem (1) - (4).
Theorem 4. 1 Consider that assumptions (h,) and (h,) are satisfied if 2I < 1, where
I =max(l,,1,), then the nonlocal problem (1) — (4) has a unique solution z € X.
Proof. Define the operator F by

Flx,y) = (Ry, Fx),
where

Fy= f;fl (s,}r[gpl[:s)))ds _Efufl (5' V[‘Pl 5')))':{5 _Ej f]_(s V[‘Plisj)) ds,
'F:x=f;f:(S:«“f[fp:(s}))ds—mf”f (s.x(0:(9))) ds = == J; f2 (s,x( @2 () ) ds.

1+8
Let x,v € C(0,1], t,,t, € (0,1]. Then from assumption (k) and foreverye = 0,5 = 0
such that It, — ¢, < &, we have

| Fyy(t,) — Fy(ty)l =

r‘ . [s v[cplﬁs)))ds —
_ﬁf;j fi (s,}r[gpl[:s))) ds — lJm_lr 7 {s v[cpl[s])}ds Jrf-_ fi (s,y[fpl(s))] ds +
+ =7 fi(5.9(er(9)))ds + = [T £, (5. 9(0.(9))) dS‘ < [|f (s,}f[rplis}))‘ ds.

This implies that F, v € €(0,1].
Similarly, we have

| Fax(t) = Fax(t)| = |32 £ (5. 2(02()) ) ds -
1+,E~r £ (s x[cpq[s)))ds —m_l" £ (s x( g, s)))ds—_lrr"ﬁ.(s x[cp:[s]))ds—l-

J.+,E’“r ;! (s x[:guﬂ[s]))ds+l+g_r £ (s x[quﬂ[:s)) ds‘{f (s x[cpﬂ s])]‘ds.
This implies that F,x € C(0, 1].
Now

Fx(t)v(ty)) — Fle(t)w(ty)) = (Fy(ty), Fox(ty)) — (Fy(t), Fax(ty))
=(Fy(t,) — Fy(ty), Fox(t,) - Fx(t,))

Therefore,

I Fy(t,) — Foyv(ty), Fx(t,) — Fx(t) )l = | Fy(t,) — Fyv(e)l + 1| Fox(t,) —
Fox(t)l

Then F, .'F::C[l:l,l] — C(l:l, 1]. Hence F: X —+ X.

Let z= (x,¥) €X,and let (u,v) € X,
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then
Flx,y) = (Fy(t), Fx(t)), Flu,v) = (Fv(t), Fu(t)),

and

| Fyy —Fvl = |f; (fl (Sr}’(‘igl[:sj)) —f (s, ”[‘91(5]))) ds __Jm (ﬂ (5 1”[‘91(5]))
—fl(s,u[gpl(s))))ds —ﬁf[; (fl [Sr}’(‘apl(sj))_fl (S,U[cpl[s)) )ds‘ =

= f; |(ﬂ (s,}’(fsﬂl[sn) —fl (s, v[cpl[s])))‘ ds + EJ"F ‘(ﬂ (s,}r[cpl[s])) |
-f (s, v, (5])))‘ ds + — (fl (s,}r[cpl [sj)) — fl(s, v(eg, (s]}))‘ ds <

< L [Jlly—vlds + == 1, [Ty —vllds + — 1, [T lly — vllds <
< Lilly—v»ll +m Llly—wll -I-E 31||}F— v|| < 2Lly—»ll.
Similarly,

| Fox —Foul = ‘_Ir ( s,x[cpn (s])} (s,u[cpf. [s]))) ds — —_I”F ( (s,x[cp,. [s])) 1
e (s,u[cp: [s)))) ds—mf ( (s x[rpﬂ s])) {s u[:c,uﬂ (s]) )ds‘ <

< (5 (s x(ex () - (s w(x(9)))|ds + 15 7 |(# (s:x(02(0)) -
_fz(s,u[qu:[s))))‘ -— ( (s x[cpq[s))) (5‘ u[qu;.(s))))‘dsﬂ

= I, f;llx —ull ds + l_f:—ﬁ l, _I"E;Jllx — ullds + ﬁ I, f;llx —ullds <
< Lflx—ull + 1-::_« Lyllx — ull + ﬁ Lillx—ull <2L0lx —ull
Hence
IF(x,¥) — Fla,v)lly = 2Ly — vll+ 2L 11x —ull < 210y — vl + llx —ull) =
=21 1(x,¥) — (w.v) 5.
Since 21 < 1, then F is a contraction operator.
Using the Banach fixed point theorem we deduce that there exists a unique solution z € X of
the coupled system of the integral equations (5) and (6).
From the equivalence of the problem (1) - (4), and the coupled system of the integral
equations (5) and (6) there exists a unique solution of the problem (1) - (4).
This completes the proof. =
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