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Abstract:

In 2010, hyperideals of T'- hypernear-ring introduced by B. Davvaz . In this
paper, arbitrary union and intersection of a family of hyperideals of I'- hypernear-ring is
hyperideal of I'- hypernear-ring are proved. This study showed that, the quotient I'-
hypernear-ring ( M/, @, © ) is I'-hypernear-ring.

Key Words: near-ring, subnear-ring, hyperoperation, hypergroupoid, hypernear-rings, I" —
hypernear-ring, hyperideal of I"— hypernear-ring, and 7"— hypernear-ring homomorphism.

1. Introduction

Algebraic hyperstructures are a generalization of classical algebraic structures, In a
classical algebraic structure, the composition of two elements of a set is again an element
of the same set, while in an algebraic hyperstructure, the composition of two elements is a
non-empty subset of the same set. The theory of hyperstructures has been initiated in 1934
by a French mathematician, Marty introduced hypergroups as a generalization of groups.
The hyperstructure theory and its applications have been investigated by the contribution of
many mathematician ™ for example, semi-hypergroups are the simplest algebraic
hyperstructures which possess the properties of closure and associativity.

As it is well known, the concept of hypernear-rings was first introduced by Dasic. Bijan
Davvaz, Jianming Zhan and Kyung Ho kim, introduced I -hypernear-ring which is
the generalization of hypernear-rings ™ .

2. Preliminaries

Definition 2.1.21 A near-ring is a set N together with two binary operations " +"and " ."
such that

i) (N, +)isagroup ( not necessarily abelian)
i) (N,.)isasemi-group .
iii) foralla,b,c EN: (a+ b).c = c.a+ c.b (right distributive law)
This near-ring will be termed as right near-ring. If

e.(a+ b) = c.a +c. b instead of condition iii) the set satisfies, then we call a left near-ring.
If (N, +) is abelian, we call an abelian near-ring. If ( N, . ) is commutative we call itself a
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commutative near-ring. Clearly if it is commutative near-ring then left and right distributive
law is satisfied and is called a commutative near-ring. In this paper the word (be a near-ring)
shall mean a right near-ring.

Examples 2.2.

1) The set of integers, the set of all rational numbers, the set of real numbers, and the set of
complex numbers are rings as well as near rings with respect to usual addition and
multiplication.

2) Consider Z5 = {0,1,2,3,4,5,6,7} with respect to addition and multiplication modulo 8.This
is a ring as well as a near-ring.

Remark 2.3. Every ring is a near-ring, but the converse may not be true. We can show that in
the next example.

Example 2.4.1 The triple (Z,.+,.) where Z, = {0,1} under two operations ' + ' and
can be defined as :

11=10=1and0.0=0.1=0

+ 0 1 . 0 1

0 0 1 0 0 0

1 1 0 1 1 1
Table 2.1. Table 2.2.

(Z,,+,.) is a near-ring but it is not a ring.

Definition 2.5.! A subgroup M of an near-ring N with M. M S M is called a subnear-ring

of N, (M < N). A subgroup S of N with N5 < 5 is said to be a normal subgroup of
N,(5 I N).

Example 2.6.) let N={0,1,2,3,4,5}, definition of the addition and multiplication operation on
N are in tables:

+ 0

U1l | O] Wl N N

w| N g B o R| R
R o & g M| w| w
N wl o k| g A B
o r| N w| N o o
gl B w|l M| | O

R o o »| | o o
R o o k| | of -
R o o | | o N
g B w|l N | o w
R o o k| | of &~
ol b w| N | of o

0
1
2
3
4
5

g1l | WO N | O

4
Table. 2.3 Table 2.4

(N, +,.)isnear-ring. Let S1,S, < N, $;={0,1}, S,={0,3,4}, therefore S; and S, are
subnearring of N.
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Definition 2.7. ® Let H be a non-empty set, A hyperoperation ' o' on Hisamap o: H x H
— P*(H) Where P*(H) is the set of all non-empty subsets of H, usually, the hyperoperation
is denoted by ' o ' and the image of the pair (a, b) is denoted by "™ a o b " and called the
hyperproduct of a and b. If Aand B are non-empty subsets of H.

ThenAB= Uszaa = b
beB

Definition 2.8. ! A hypergroupoid (H, =) is a non-empty set H together with a map o: H
x H — P*(H), Where P*(H) denoted the set of all non-empty subsets of H. If A and B are

non-empty subsets of H and
X €H Then

AcB = Ua oh,
AEA

beE

AoB,Aox and xoBwemean: Aocx=Ao{x}and x o B={x} - B.
Hypernear-rings generalize the concept of near-rings, in the sense that instead of the
operation (+), the hyperopeartion (+) is define on the set N.

Definition 2.9.°! the triple (N, +, .) is a hypernear-ring if:
1) (N,+) is a quasicanonical-hypergroup. i.e. it satisfies the following axioms:
(1) x+(y+z)=(x+y)+zforany xy,z€N.
(2)30eNst forany x€EN, x+0=0+x={x}.
(3) for any = € N, there exists a unique element—x € N, such that
Dex+(—x)n(—x)+x
(4)forany x,y,z EN, z € x+yimplies that
x€z+ (—y), veE(—x)+z
1) (N, ) is a semigroup endowed with a two-sided absorbing element 0,
ie.forany x€N, x-0=0-x=0.
I11) The operation ' - " is distributive with respect to the hyperoperation
'+ ' from the left side: For many xy,z €N, x-(y4+z)=x-y+x-z
If x €N and A, B are non- empty subsets of N,
Thenby A+B, A+Xx and X+ B, we mean :

A+B= Ua-l-h

achA
beE

A+x=A+{x}, x+B={x}+B, respectively.
Also, for all =, ¥ € N, we have —(—x) =x, 0= -0
Where 0 is unique and —(x+y) = —y —x.

Example 2.10.! Consider N={0,a,b,c} with ' + "and ' - * tables below:
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+ 0 a b c 0 a b c

0 {0} {a} {b} {c} 0 0 a b c

a {a} {0,a} {b} {c} a 0 a b c

b {b} {b} {0,a,c} | {bc} b 0 a b c

c {c} {c} {b,c} | {0.ab} c 0 a b c
Table 2.5. Table 2.6.

(N,+, -) is a hypernear-ring.

3. T' — hypernear-ring

Definition 3.1.) A I — hypernear-ring is a triple (M , +, I" ) where:

(1) T is a non-empty set of binary operations such that (M , +, @) is a hypernear-ring for each
a€l.

(2) x(yBz2) = (Xay)pz forallx,y,zeM and a,f€T.

Example 3.2.81 Let M={0,a,b} and " be the non-empty set of binary operation such that a , 8
€ I' are defined as follows:

+ 0 a b

0 {0} {a} {b}

a {a} {0,a,b} {a,b}

b {b} {a,b} {0,a,b}

Table 3.1.
a 0 a b B 0 a b
0 0 0 0 0 0 0 0
a 0 a b a 0 0 0
b 0 a b b 0 0 0
Table 3.2. Table 3.3.

Then (M,+,I) is a I'-hypernear-ring.
4. Hyper Ideals of I — hypernear-ring

Definition 4.1.87 A subset I of a I'- hypernear-ring M is called a left (resp. right) hyperideal
of M if it satisfies:

= (I,+) is a normal subhypergroup of (M,+).

= jau€l(resp.va(u+i)- uav< Ilforalliel,a el andu,v EM)
A subset | of M is called a hyperideal of M if it both a left hyperideal and right hyperideal .

Remarks 4.2. Let (M, +,T) be a T hypernear — ring:

(1) The subset My = {x € M | Oax =0 }of M is called a zero-symmetric part of M.
(2) If M = My = M is zero-symmetric I'- hypernear-ring.
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Proposition 4.3. Let (M ,+, I') be a I'-hypernear-ring, and if {Ax : k € J} is a family of
hyperideals of M, then :

(1) Uy, A, is ahyperideal of M.

(2) Ny A, is ahyperideal of M.

Proof.

(1) Since 0 € U, ¢, 4,, it follows that U, ., 4,# O. since Ax € M, forany k € J, it follows
that U,.;4, S M. Let a€ U, ., 4,, then a € A, for some k € J, therefore a + 4, =4, +a
= A, (since 4, hyperideal ), and

U[a+f—1kj= U(Ak+a,j - Uﬂk ,

kef kef kef
therefore a+ U, A4, = Uge; A + a= Ui 4y, hence U, ; A, is subhypergroup of
M.

Now at+Ad, —aC 4, (since Ay hyperideal ), then
Upela+ Ay — a) S Uy Ay, therefore a + U, 4, —a S U, A, Hence U, 4, is
normal subhypergroup.

let « € I''then xau € 4, , Vx€ A, andu €M, ( Since 4, is left hyperideal of M ),
therefore x e u € U,; 4,, and

va(u+x)-uav €4, then va(ut+x)-uav S Uy, A4, Hence U, 4, is
hyperideal of M.
(2) Leta € Nyc; Ay, then a € A, for all k € J, therefore the prove is similar to (1).

Definition 4.4.°! If M and M’ be two - hypernear-ring the mapping oM ->M s
called a I'- hypernear-ring homomorphism if for every a € I we have:

e @lx+y) =0+ o)

o @(xay) = p(x)ap f(y)
Clearly, a I'- hypernear-ring homomorphism ¢ is an isomorphism if ¢ is injective and
surjective. We write M = M If M isomorphic to M.
Definition 4.5™ If I is a hyperideal of a hypernear-ring N, then we define the relation x =y
(mod 1) &(x—y) N1+ @. The relation is denoted by x Iy . This is congruence relation on
M.

The class x + | is represented by x and we denoted it with I'(x), Moreover, 1'(x) = I'(y)
& x=y(modI).
We can define M / | as follows: M/l ={I"=x + | | x € M}.

rOery)=I@kzerx+rwi;
I*(x)@I*(v) = I"(xay) for all I*(x),I*(y) € M/}I'

Theorem 4.6. ( M/I, @, © ) is a I'-hypernear-ring.

Proof.
First: (M/1, @ , © ) is a hypernear-ring was proved by :
V.Dasic,1991,Hypernear-Rings™®.
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Second: 1'(x) Oc (1'(y) Opl'(2)) =1'(X) Oa I (yB2) = I'(xa (YB2))
Hence (M, +, I") is I'-hypernear-ring and for all x,y,z € M, a,8 € T, therefore ( xa (ySz))
= ((xay) B2), then . )
I(xa (yB2)) = I'((xay) fz) = '(xay) Op I'(2)
=(1IX) Oal (y)) Opl (2), forall ' (x), 1 (y), I (z) e M/l and a,B€T.

Conclusion

= Arbitrary union and intersection of a family of hyperideals of I'- hypernear-
ring is hyperideal of I'- hypernear-ring

» The quotient I'-hypernear-ring ( M/l , @ , © ) is I'-hypernear-ring, where M is I'-
hypernear-ring.



o

University of Benghazi Oolesg dealy
Faculty of Education Almar;j 44 arall — ageyall &yl2
Global Libyan Journa/ ISSN 2518-5845

Global Libyan Journal Sgallell dgy il &lgall

2020 [ Jyssl | sl grlall sl

References
[1] Omidi S., Davvaz B. and Corsini P., (2016), Operations on hyperideals in ordered

Krasner hyperrings. An. S_t. Univ. Ovidius Constanta, Vol. 24(3),2016, 275-293.

[2] Kim K., Davvaz B. and Roh E., (2007), On Hyper R-Subgroups of Hypernear-rings,
Scientiae Mathematicae Japonicae Online, 649-656.

[3] Pilz G., (1983). Near-rings. Theory and its applications. North-Holand, Amsterdam.

[4] Vasantha Kandasamy W. B., (2002). Smarandache near-rings. American Research
Press Rehobothm.

[5]Satyanarayana B., and Prased K., ( 2013). Near Rings, Fuzzy Ideals, and Graph Theory.
CRC Press, New York.

[6] Corsini P., Leoreanu V., (2003), Applications of Hyperstructuer Theory, Springer-
Science+Business Media, B.V..

[7] Davvaz B., (2016), Semihypergroup Theory, Academic Press is an imprint of Elsevier.

[8] Davvaz B., Zhan J. and Hokim K., April (2010), Fuzzy I-hypernear-rings, Computer and
Mathematics with Applications, Vol 59, Issue 8, p. 2846- 2853.

[9] Hendukolaie E., Omran M. and Nasabi Y., 7(2013), On fuzzy isomorphisms theorems of
T—Hypernear-rings, Journal of mathematics and computer Science 80 — 88.

[10] Dasic V., (1991), Hypernear-Rings, in: Proc Fourth Int. Congress on AHA, World
Scientific, (1990), pp 75-85.



i Ll "

University of Benghazi \ olisg dzaly
Faculty of Education Almar;j \ > [ — dggsgll a2
4 asall — &gyl &
Global Libyan Journs ISSN 2518-5845
Global Libyan Journal Syallell Zygylll &lyall

2020 | Jyssl | p92py¥ly golull snaell




