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Existence of solution of a coupled system of differential equation with the
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Existence of solution of a coupled system of differential equation with the
nonlocal two-point boundary conditions

Abstract:

2 The aim of the paper is to study the existence of at least one solution of a nonlocal problem
of coupled system of differential equations with nonlocal two-point boundary conditions. By
means of Schauder fixed point theorem, an existence result of a solution is proved for the
nonlocal problem considered.

Keywords: Coupled system, nonlocal conditions, at least one solution, Schauder fixed point
theorem.

: el

o ko lidl SVl e gnge pllas e 180 W2 AL BY) Jo oy o sy Al sa ol e S
Al 43 ) e alSaall > ey U & sl W abad) &y b plascal a2 e Lal 43S Lus by s
o) al) abad) 2l (BY) o axly e de g by s mane pll kil SLISU)



s

University of Benghazi Oolesg dealy
Faculty of Education Almar;j 4 asall — igyill iy12
Global Libyan Journa! ISSN 2518-5845

Global Libyan Journal Leallell &g il &lsall

2021 ] sy | gomadl wxxll

I. Introduction
In the last decades or so, many authors have studied the existence of solutions for problems
with nonlocal conditions. The reader is referred to ([2] —[13]) and references therein.

In [ 7] the authors studied the existence of at least one solution of the nonlocal problem

dx —
- ~hy@®).  te(0.T]

dy

= F (t,x(t)), te(0,T]

with the nonlocal conditions

x(0) + Zi-; a,x(1,) = xy a, = 0,1, € (0,T]

y(0) + j,?‘:lb}-x[?;r}-) = ¥, b; > 0,77; € (0,T].
In this system the unknown functions x(t) and v(t) depend only on t with two boundary
conditions at multi points in the interval (0,T7], but in this paper we prove the existence of
solutions for a nonlocal problem (1)-(4) in which the unknown functions ¥ and x depend on
functions ¢, and ¢, of t with two boundary conditions at two points in the interval (0,1].

The nonlocal problem considered here is of the form

o =Alty(e (). te(01] (1)
Z=htx(e:®). te(01] o)
with the nonlocal two-point boundary conditions
x(t) +ax(n) =0, (3)
y(r) +By(n) =0, (4)

where T, 7,7 €[0,1]and @, § = 0 .
Il. Preliminaries

In this section, review some definitions and theorems which will be need later.
Definition 2.1. [15] Let F = {f; = X — Y.i € I } be a family of functions with ¥ being a set
of real ( or complex) numbers, then we call uniformaly bounded if there exists a real number
c suchthatlf.l =cvVielLx €X.
Definition 2.2. [15] Let F ={f(x)}the class of functions defined on A where
A = [a,b] € R, the class of functions F = {f (x)} is equicontinuous if ¥ € > 0,3 &(¢&) such
that
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|2 —v| < &, impliesthat |f(x) — f(v)| <e YfEF, x,v €A
Theorem 2.1. [1] The function f(x) = (f,(x).f; (x).-.f,(x)) is uniformly continuous in
I = [a, b] if and only if each f; is uniformly continuous in I.
Theorem 2.2. [15] (Lebesgue Dominated Convergence Theorem)
Let £, be a sequence of functions converging to a limit f of A, and suppose that
If. ()] = ().t € 4,n=1,2,3,.. were ¢ is integrable on A. Then
1. fisintegrable on A
2. lim, . fA f(t)du = fﬂf(t)d.u.
Theorem 2.3. [14] (Schauder theorem)
Let @ be a convex subset of a Banach space X, F : @ — @ be a compact and continuous
map, then F has at least one fixed point in @.
I11. Existence theorem
In this section we will study the existence of at least one solution of nonlocal problem (1)-
(4).
Let X be the class of all ordered pairs (x,¥ ), x, ¥ € C(0,1] with the norm
1 Ce, 3 )l = llxll + Iyl = sup,eppqglx ()| + sup, epo171¥() 1,
and let ¢;: [0,1] — [0, 1] be continuous function for i = 1,2.
The nonlocal problem(1)-(4) will be considered under the following assumptions:
(hy) f::[0,1] xR — R satisfies Caratheodory conditions, that is f; is
(i) measurable in t € (0,1], for any x € R,
(if) continuous in x € R, for almostall t € (0,1].
(h,) There exist two integrable functions a; € L,[0,1] and two positive constants b; = 0,
i = 1,2 such that
Ifi(t.x)] < a;(t) + b;|xl,
SUP,e[0,1] _I': a;(s)ds <a}, i=12Vte][0,1]
where a! for i = 1,2 are finite real numbers, and L,[0,1] denotes the class of Lebesgue
integrable functions on the interval I = [0,1].

Then we have the following lemma:
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Lemma 3.1 The solution of the nonlocal problem (1)-(4) can be expressed by system of
the integral equations

x(t) = .r[:fl (sr}’[‘Pl (5'))) ds _ﬁf[;;l fi (s,}r(qul(s]))ds -
_i.r[:fl (s,}r[cpl(g)))ds,
(5)

and

() = [ £ (5.2(0:() ) ds — 2= [T £, (5, x(2()) ) ds —

1+8 70
— 5 1 £ (s x(0:9)) ds. (6)
Proof. Integrating equation (1), we obtain

x(8) = x(0) + [} £, (5. 3(e1()) ) ds,

x(m) =x(0) + [7 £, (5. ¥(y () ) ds

and
ax(n) = ax(0) +a [} £, (s.(e,(s)) ) ds (7)
Let t = 1, then
x(1) = x(0) + [, (s, v(. () ) ds. ®)
Substituting from equations (7) and (8), we get
x(0) = == [ f, (s, ¥(0.(9)) ) ds ——= [, fi (5. ¥(0.(5)) ) ds .
Hence

x(t) = [T £, (5. 5(01())) ds — =7 f, (s, 3(s(s)) ) ds —
—— s i (s v(ei(9)) ) ds.
Similarly, Integrating equation (2), we obtain
(&) =y(0) + [} £ (5. 2(2. () ) ds,
y(m) =y(0) + [ f; (SJ[@H: (5))) ds,

and
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Bx(n) = px(0)+ B[] £, (s x(02(5)) ) ds. 9)

Let t = T, then
y(0) =y + [ £ (s,2(e2(9) ) ds. (10)
Substituting from equations (9) and (10), we get
v(0) = =25 £ (s 7(02(9)) ) ds = 5 [, 2 (5. x(@2(9) ) ds
Hence
v(©) = [ £ (5.2(02 () ) ds — 25 17 £ (5. x(02(9))) ds — 25 s £ (5.x(2(9))) ds.

Now, differentiating (5) and (6), we obtain

dax

- = %f; fl(s,}r(qul(s))) ds + 0.

dt

This mean that

== fi (tr}’(‘Pi (tj))

dt

Similarly,

& %f;fz (s,x[cp: (s))) ds + 0.

dt

This mean that

% =f (t,x[cp: (tj))
Also, from (5) and (6), we get
x(1) = .Ir.}r fi (S,}F[rpl[s])) ds _ﬁf;? fi (53}’(‘!’1(5))) ds — ﬁf; fi (s,}r[rpi(s])) ds

= (LA (sy(e))ds - 7 A(sy(eu(s) ds),

and
x(n) = [ fi (s.7(0: () ds = = J7 £ (s v(0u() ) ds — =[5 fi (s 9(0u()) ) ds
= lj_:r (ft;? fi [S’P[‘Plts))) ds — .r[: fi {Sr}’[:‘h (5'))} dF)-
Hence
x(t) + ax(n) = 0.
Similarly

v(@ =I5 £ (5.x(02(9))) ds = 25 17 £ (5,702 (9)) ) ds = 15 J; £ (s, x(02(5)) ) ds.
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= j_ﬁ(fi;f: (s,x[:gu: (s]))ds — _r[;’f: (S,X[GP: (S))) ds)

and

v = [ £ (s x(0:9)) ds =55 [ £ (5402 9)) ds = S5 [T £ (s:2(02 () s
o J.+,E‘(~r f(s x[:‘P" (5)})':{5_ .r f2 (53‘[@’“ 5)))'1{5)

Hence
y(z) +By(n) =0.

This proves the equivalence between the problem (1) — (4) and the integral equations (5) and
(6).
Now we are prepared to formulate our main existence result.
Theorem 3.1 Let the assumptions (i) - (h,) are satisfied. Then there exist at least one
solution of the nonlocal problem (1) — (4).
Proof. Consider the operator F by

Flx,y) = ( Ry, Fx),

were

y= .r[:fl (Sr}’[‘ﬂi[:sj)) ds _.LJ”F fi (s,}r[rpi(s]))ds _.L.rrfl(sr}’[‘ﬂ(ﬂ)) ds
Fox= f[:f: (s,x[cp: [s)))ds —m_lmf (s,x[cp: (s))) ds — —f £ (s,x[rp: [s]))ds

148

Define the set @,. as follows:

r = {(x’}’j’ el =lxll+lyl<rr=n+nn="2, n =—2 }

1-3b," "% 1-3p

Now
| Fyl = | £ (5,500 9))) ds — == [ £, (5.7 (01(5)) ) ds —
Mj fi (s3(0u() ) ds| < [[5 7 (5.3(02(5) ) ds| + 2= |7 £ (5. 7(0.(5)) ) ds| +
=5 £ (sv(009))ds| = [ |f (5.7(00(9))| ds + =7 | £ (s, 3(21 ()| ds +

1+a
1+

J.+|:r

J.+n‘“r ‘f]_ SV[fPl(Sj))‘ds:‘:

Jy i (o ()lds + - ([ e o [¥(e:(9)]ds) +
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(g au(s)ds +b; ffhr(msmds) <
ay + by + (“1"‘1?171] ‘|‘ (ﬂl-l-bl’rlj =7.
Similarly, we have

|-'F:x| =

* 3(5,:([(;::[5))),:{5—“5_]"”)? (sx[;p,, Sj))ds_
£ (s.x(0:(s))) ds| +
:;' (ij[qpn [F]))‘ ds +

— 5l £ (5. x(ea(9)) ds| < U £ (s.x(02(9)) ) dis| + £

1+8 148

s,x[cpq s]))‘ ds +—

l+£? (s x[cpﬂ [s]))‘ds

< J; az(s)ds + b, flx(cpg (s))|ds +ﬁ (fy az(s)ds + +b, ['|x( @ (s))|ds) +

U - s,x[:gpq[s]) ris

HE 148

g Uy ax(9)ds + b, [T |x(e,())|ds) <
ﬂ-ﬂ +bﬂTﬂ +_(ﬂ--ﬂ +bnTnj+ [:ﬂ-n +bn']‘"q)¢:']‘".-..

Hence
IFx vl =l Ayl +1Fxll<n + 1, =7,
then the class of functions {F (x,¥)} is uniformly bounded.
Let (x,¥) € @,, fort,,t, €[0,1], t; < t,, and let|t, — t;| < &, then

Ji2 £ (s 7(eu(9))) ds -
A (s 7(0. () )ds = =I5 £ (5.9(0.(5)) ) ds —
L f(sy(e®))ds ++ [ f, (5.5(e, () ds +
L[ (syv(e.9))ds| = [2]f (s (0, (9)))| ds <

< [(lay ()1 + byy(e(9))ds < [*a,(ds + b llyll (1, — ¢,),

then { F, v} is a class of equicontinuous functions.

| Fy(t,) — Fy(t)l =

Similarly, we have

| Fyx(t,) — F x(t))]=

fgsff (5‘,3{(@: (5])) ds —
l+£fuf (5 x[“”“tsj))‘ig _ﬁf f(E’X(fﬂ:(sj))ds—f;;ﬂ(s,x[fﬂ:(SJ))ds+
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F (5 5(0a(9) ) s + 5 s (5,700 (9) 5 < I

147 1+8

fa (s,x[gu: (s]))‘ ds =

x(g())])ds < [*ay()ds + b llxll (¢, — 2),

< [ (lax ()] + b,
then { F, x} is a class of equicontinuous functions.

Therefore the class of functions {F (x, ¥)} is equicontinuous and uniformly bounded.

Let {v,.} be convergent sequence such that v,, = v, then

Eim:z—*m :F:J_ (}Fn (fPJ_(S:]jj = Eimn—*m .Jr; fJ_ (Sr ¥u (‘i':"l (Sj)) ds —

_ﬁf[;;l fi (sr}’u (‘Pl(gj)] ds — ﬁfﬂr fi {Sr}’n [‘#’1(5))) ds.
But from the assumption
‘fj_ (Sr}rn [:faul (Sj))‘ ::—: ai + bll}r:lzl

<a, +b,r,
fi (53u(009)) = £ (s, (0, (9)))-
Applying Lebesgue dominated convergence theorem, we deduce that
lim,... [; £, (5.9.(@.(9))ds = [{ lim, .. £ (5,3,(0.(5) ) ds
=[5 filstim, .. y,(0.()))ds = [} £ (s.7(0.(9))) ds,
lim, ... [} fi (5,7 (0.(5) ) ds = [T tim, .. £, (5. 3.(0.(5))) ds
= 7 Al i, v (0(9))) ds = [ £ (5. 7(00(9)) ds,
and
lim, .. 5 £, (5, 9.(01(5) ) ds = [T tim, .. £, (5,5.(01(5)) ) ds
= [ Astim, .y (0.())) ds = [ £ (s v(e.(s)) ) ds,
then
limy.e. FL (0, = [} £ (5.3 (00()) ds — ] £, (5. 3.(0,()) ) ds —
— I fi(syu(0(9))ds = Ry

which proves that F; is continuous operator.
Also
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Let {x,} be convergent sequence such that x,, — x, then
Eim:z—*m :FE (x:z [:‘PE [:Sjj:] = Eim:z—*m .r;ff (5‘,.’1'” [@3 [:S:])) ds —

— %_f;? > (s,xu [cp: [:5'))) ds — ﬁf; f (s,xu [cp: (s])) ds.

But from the assumption

£ (5. %a(0:(5))| < @2 + Balx, |
< a, + byr,
£ (5. %a(02(9)) = £2 (5, x(¢2(9)).
Applying Lebesgue dominated convergence theorem, we deduce that
lim, o, Jy £ (5.2, (02 () ds = [ lim,, .. £; (5,2, (¢, (5)) ) ds
= [ f(shim, ., x,(0,(5))ds = [ £, (s5,x(0,(s))) ds,
lim,... [} £ (5,2, (02(5))) ds = [Tlim, .. £, (5, %,(2(5)) ) ds
= [7 fo(stim,,_, x,(0,(9))) ds = [T £, (5,2(0,(5))) s,

and
Eim:z—*m ..r; fﬂ (5‘,.’1'” [:fauf (Sj)) d.‘i‘ = ..r; linln—*m fﬂ (5‘,.’1'” (_‘F"E (S])) d.‘i‘

= [ f(slim, . x,(0,(5))ds = [T f, (5. x(0:(5) ) ds,
then

lim, ... F5 (x, (02()) = J{ £ (5. 2,(02(9) ) ds = [ £ (5. %, (02()) ) ds —
— ..r[:ff [S’xu[qﬂi (3))) ds = Fox

which proves that F; is continuous operator.
Hence, F:@, — @, is continuous and compact.
Now we show that @,. is convex,
let (xxy.3), (x2.32) € Q,.,
Gyl = Il + lyll < vi = 1,2,
For 4 € [0,1],
ACxy, ) + (1= A) (0, 3Dl = 1(Ax g, Ay ) + ((1— Ay, (1 = D)
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= ll(Axy + (1 = Dxy, Ay + (1= D)l
< lAxey + (1= D ll + 1Ay, + (1= Ayl
< Allzey 4 (1 = Dl ll + Al [l + (1 = Dyl
= Alllxeg 1+ llyy 1]+ (2 = [l + Nl 1]
SAr+(1—-A)r =r,
this mean that @,. is convex.
Using Schauder fixed point theorem, F has a fixed point (x, ¥) € @,. which proves that

there exists at least one solution of the nonlocal problem (1) — (4).
This completes the proof.
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