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Explicit Finite Difference Method for the Two-dimensional
Time Fractional Diffusion-Wave Equation

Abstract:

In this paper, the time fractional diffusion-wave equation (TFDWE) is numerically studied,
where the fractional derivative is defined in the sense of the Caputo. An explicit finite
difference method (EFDM) for TFDWE is presented. The stability and the error analysis of

the EFDM are discussed. To demonstrate the effectiveness of the approximated method, the

test example is presented.

Keywords: Two-dimensional fractional diffusion-wave equation; Explicit finite difference

method; von Neumann stability analysis.
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I. Introduction

It's well known that fractional derivatives in mathematics are natural extension of integer-
order derivatives, where the order is non integer [9]. Fractional order differential equations
have been the focus of many studies due to their frequent appearance in various applications
especially in the fields of fluid mechanics, viscoelasticity, biology, physics and engineering,
see ([1], [5], [7], [9], [10]) and the references sited thesis. When a fractional derivative of
order 1< a < 2 replaces the second derivative in a diffusion-wave model ([2], [3], [4],
[14], [20]). Analytic closed-form solutions for these initial-boundary value problems are
elusive. Difference methods and, in particular, explicit finite difference methods, are an
important class of numerical methods for solving fractional differential equations ([6], [15],
[16]). The usefulness of the explicit method and the reason why they are widely employed is
based on their particularly attractive features ([17], [19]).

A number of studies on the fractional diffusion and diffusion-wave equations have been
carried out, see ([8],[11],[12],[13],[18]).

In this paper, EFDM scheme is designed for solving a two-dimensional fractional order
diffusion-wave equation where the fractional derivative is in the Caputo sense. Moreover,
since the explicit methods may be unstable, then, it is crucial to determine under which
conditions, if any, these methods are stable. We will use here a kind of fractional von
Neumann stability analysis to derive the stability conditions.

Consider the following two-dimensional fractional diffusion-wave equation:

u“u(x,y,t)  o%u(x,y,t) - o°u(x
ot” ox? oy

,zy,t) +q(x,y,1),(x,y) e Q0<t<T

u(x, y,0) =w(x, ¥),u (x,y,0) = ¢(x,y),(X,y) e Q = QY 0Q,

ulx,y,t) =p(Xx,y,t),(X,y) €eoQ,0<t<T,

(1)

(2)

3)
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where 1< a < 2 the domain Q = (0, L,)x (0, L,), and &2 is the boundary of

Q, (X, Y, D), (X ¥),o(X,Y), ad q(X,Y,t)are known smooth

functions.

Definition 1.1. let &« € R",—00 < a <b < oo, the Caputo Fractional Derivatives (CFDs) of
order « are defined on y(x) e C™[a,b] by [9].

Ly
(DY) = oy [ (x{t)ﬁa dt, x>a,  (IeftCFD)  (4)

D"y

(DY) =1 |. T dt, x<b,  (rightCFD)  (5)

Where N =[] +1,a ¢ N,.

Also (4) and (5) are called the left-side and the right-side fractional derivatives in the Caputo
sense, respectively

Il. EFDM for TFDWE

In this work, the spatial « —order fractional derivative is discretize using the Caputo

formula[9], for m—1<a<mm=2:

o“u(x, y,t) 1 g . 0%u(x, Y, &)
C o - v Yoy i . 1o v Yy
SDRUCC YY) = —=p = = [ O — e )
whereI"(.) is the gamma function. Definet, =k ,k =012,..., N;x, =iAx,i =012,.., M;
S T L,
= ]JAY, 1=012,...,M; =—,AX = Ay = —2- '
yi = JAY, ] >y Where T N X M, y M, are time and

. . . K
space steps respectively, where M, M, and N are some given integers. Let U; ; be
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=q(X;, Y, t,)- For any grid

the numerical approximation to U(X;, Y ,t.)and Clik,j

function UZ{Uik,j |0<i=<M,;0<j<M,0=<k< N}.

In the differential equation (1), using

O°u(x, y,&) _ d°u(x, y,t,) +0(7),t,, =& <t
o0& oF? Y

and

o°u(x, y,t u(x, y,t.,)—2u(x,y,t.) +u(x,vy,t
( 2y s) - ( y s+l) ( 2y s) ( y s—l) +O(T),
o& T
the time fractional derivative term can be approximated by the following scheme:

oU(X, Y tey) 1 e O°U(X, Y, ) dE
ot” RC ZJ 652 (te.a — £)°F

sz 0°U(X;, Y, ts) d&
“m 2 ZI él (s — &)

X|’yj’ts)+u(x|’y1’ 5_1) J‘(S"'l)f dé:
aéjz i ( k+1 ‘f)a_l

A u(xl’yj’ s+1) 2u(Xl’yj’tS)+u(Xl’yJ’ s—1) (k—s+1) d77
— F(2 a) Z T2 j(k —s) 770{—1

< u(x;, Yt s) — 2u(x,,yj, ws) TUCG, Yt ) e drg
Tor(2- a)z T Lr 770:1

u(xi, ¥, te) —2u(
3 r(2- a)z J :

1 zk:u(xi’yj’tkﬂ—s)_zu(xi'{j'tk—s)"_u(xi'yj'tk—l—s)[(s+1)2a_(S)Za]

T I(3-a)

—

= %[U(Xi Y ) — 2u(Xx, Yi 1) +u(x, Yi ,tk_l)]
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—a Kk
+ Fz(-3—a) Z_(;[u(xl ! yj ’tk+1—s) - 2u(X| ’ y] ’tk—s) + U(X| ’ yJ ltk_l_s)]

where D = (S +1)2_a — (S)Z_Q,S =0,12,..., N.

Now the discrete of (1) using the explicit finite difference scheme can be written as

a

7% k+1 k+1 s k—s k -1-s
L © . 2u z Ui —2up; b,
rG-a) (U (U ' )

h 1
(A%)° (Ay)’

where T (X, y,t) is the truncation term [8],

( i+1, ] 2U +u|1])+ ( i,j+1 2U +u|jl)+q|j+T(th) (7)

uik'}rl ) Zb (uk+1 S Zuilf}s _+_uikyjflfs)

+Sl(u|+lj 2U +u| 1]) +SZ (ul j+1 2U +U| j 1) +r(3 a)T ql j? ( )

[24

A g s 4

Where QZF(?»—a)Sl,sl:(ATW; s, =I'(— &)s,, S = (a2

I11. Stability Analysis of EFDM

In this section we use the von Neumann method to study the stability analysis of the

explicit finite difference scheme (6).

Theorem 1. The explicit finite-difference scheme (6) for TFDWE is conditionally stable if
7% <SS,

where

(A2 (AY)[L+ D" b (-]
'3 - a)[(Ay)? sin? (quAX) + (AX)? sin? (q?—‘ZAy)]

S —
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Proof. Let us analyze the stability of (6) by substituting in a separated solution

k MQ.iAX Mg, jJAY mq,iAX+mq, jAy
u;; =<,€ € =¢.e

where m=+/—-1,q,,0,
are real spatial wave-number.

Inserting this expression, we get

mQ,iAX+mq, JAY mq;iAX+mq, jJAy mq,iAX+mqg, jAy
Crn® =248 Ck1€

k
mg;iAX+mg, jAy mg,iAX+mg, jAy mg;iAX+mg, jAy
§ st (§k+1—se B 2é/k—se + é,k—l—se )
s=1

ar S_(é/ emql(iJrl)AXerqszy _ 24/ emqliAx+mq2jAy - éf emql(i—l)Ax+mq2jAy)
1 k k k

o g(ézkemqliAquz(jﬂ)Ay - Zé/kemqliAquszy _ é/kemqliAx+mq2(j—1)Ay) (9)

Mg IAX+MQg, JAY
divided (7) by = T— 2

then we get:
k
§k+1 2 zé/k Y é’k—l = st (C:k+l—s i Zé/k—s + é’k—l—s)
s—1
Using the known Euler's formula €™’ =c0s@ +msind,m = \/—1, we have:

+8,(G ™ 24+ 8 ™) +5, (8™ - 24, + e ™) .(L0)
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S =28 =G4 _st (s =28 s S as)

+5,[¢, (cos(g,AX) +msin(g,AX)) - 2¢, + &, (€0(g,AX) —msin(g,AX))]

+5,[¢ (cos(d,Ay) + msin(d,Ay)) - 24, + ¢, (cos(d,Ay) — msin(g,Ay))]-(LY)
Under some simplifications, we can write the above equation in the following form:

Crin =26k =G _st (Crirs =28k s T Ckas)

+s[-asin? (A1, + s [-asin (. @2

In the von Neumann method, the stability analysis is carried out using the amplification

factor 77 defined by:

é/k+1 2 né/k (13)

Sure, 7] depends on K. But, let us assume for the moment that, as in [17], 7 is
independent of time. Then, inserting this expression into Eq. (12) one gets:

K
NGy =26y —77_1§k _st (Ul_sé’k _ 25 +77_1_s§k)
s=1

+s[-asin® (BT, +5,[-asin?(N)g. @9

divided by é/k to obtain the following formula of 77 :

k . _
n=2-nt =3 b, (7 — 2 ) - s1[4sin2(ql—2AX)] - s2[4sin2(%)].(15)

s=1
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The mode will be stable as long as |17] <1, i.e.,

_1<2-pt Zb (" — 217 +177°) — 4s,sin’ (ql )— 4szsn(q2 ) <1,(16)

s=1

considering the time-independent limit value 77=1, then:

_1<2- (<)) - Zb (“D"° —2(-1)° + (~1)™*) — 4s, sin (ql )—4s, sin (qz &y <1.a7)

s=1

13 Zb( _4(—1)"°) — 4s, sin (ql ) — 4s, sin? (qz Yy <1, (18)

=1

IrG—a)r Sinz(qlAX)_4F(3—a)r

k
~1<3+4> b, (-1 -4 nz(qzsz)Sl,(19)

= (Ax)* 2 (ay)®
oy s, 2D@=a)r” ., g AX 2D (B-a)r” q2
i & Zsz_llbs( 1) +—(Ax)2 sin®( 3 )+ A7) sin?(=2=) > 0,(20)
<, (2)
Where
o (Ax)"(4y) [1+AZS_1bS(—1)‘] 3 22)
F(3—a)[(Ay)2sinz(q12x)+(Ax)Zsin2(qzzy)]
And
(3-o[(Ay)?sin (ql )+ (AX)?sin (qz 1> 0. (23)
Theorem 2. The truncation error of TFDWE is:
T(x,y,t) =O(At) + O(AX)? + O(Ay)?.
Proof. From the definition of truncating error given by Eq. (7), whey have:
T(x,y,t)= (3_ )( Uit = 2u U (3_ 21: s )b,
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1 1
_W(uikﬂ,j - 2uf +uik—1,j)_W( i 2U5 U ). (24)
Evaluating (1) at the point (X;, Y 1) gives
7Rl GRI 82
[at“ " 8X ay ](x Yit) T 0 (25)
by the difference equation
A kJrl_Azx ij _Azy ij qik,j :T(Xivyj!tk)' (26)

Neglecting the truncation error term T(Xi 'Y ,tk), we get the explicit difference scheme
(8). From (1-8) and (26), we get

o
a k+1

o°u
[ata |(X ¥it) Atui,j]_[ykxi,yj,tk) A2xulkj] [8y |(x Yiot) AZyulkj] T(Xi’yj’tk)1(27)

A — |(X st FO(AL?, (28)

tei,]

o“u o“u da"

2
ote |(>< Yj k5. ot® |(>< Yj tk) d tote |(X ¥it) O(At) J (29)

so that
AUt =AU +O(At) +O(A)?, (30)
622 (X, Y;t) = AU, ¥t ) +O(AX)?, (31)
—zu(xi,yj,tk):Azyu(xi,yj,tk)+O(Ay)2. (32)

We finally get from equations. (24)-(31) and (32) the following result

T(x,y,1) =O(At) + O(AX)* + O(Ay)?. (33)
0
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IVV. Numerical Result
Example 1: Consider the time fractional diffusion-wave equation:
u“u(x, y,t) _ o%u(x,y,t) g o%u(x, y,t)

ot” ox? oy?
(x,y) e QQ2=(0,7)x(0, 7), U <Justils

+sin(x)sin(y)[ +2t°7?],

' +3) 2
2

with the initial conditions

ou(x, y,0) _

o 0, (x,y) §_2,

U(X, y,O) =

u,(x,y,t) =0, (x,y) e Q, O<t<1.

The exact solution to this two-dimensional fractional diffusion-wave equation is given by
[14],[20]:

a+2

u(x, y,t) =sin(x)sin(y)t

Table 1: The maximum errors at Tend =1 and Ax= Ay = 410 for Example 1

a T maximum error
1/5 1.7333715E-1
1/10 5.2182597E-2
1.5 1/20 2.8703252E-2
1/40 3.4199144E-2
1/80 3.9507111E-2
1/5 1.3455679E-1
1/10 4.0264669E-2
1S 1/20 1.4434756E-2
1/40 4.3443323E-2
1/80 5.5591053E-2
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Table 2: The maximum errors at & =1.1 and CPU time of Example 1

T AX = Ay| maximum error CPU time(s)

TC 14 1.6232019E-2 80.915

1 7T /8 4.3015254E-3 370.356
——| 7ne | 1.2987275E-3 1662.690
1000 /30 | 5.4679655E-4 1703.379

T I64 3.5873774E-4 46080.077

¥ axis

X 3us

Figure 1: EFDM solution Figure 2: Exact solution

when Ax = Ay =0.08,7“ =0.001 and S =0.65.
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Yaos Yans

Figure 3: EFDM solution Figure 4: Exact solution

when Ax = Ay =0.20,7% =0.0005 and S =0.63.

Y gl e -ﬂ

Figure 5: EFDM solution Figure 6: Exact solution
when Ax = Ay =0.013, 7% =0.079 and S =0.062.
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X TEA

ux,y.t)

Y ans X ans

Figure 7: EFDM solution Figure 8: Exact solution

when Ax = Ay =0.007,7 =0.02 and S =0.001.

The numerical studies are given as follows: Table 1 and Table 2 shows the maximum
absolute numerical error, at time T, =1, between the exact solution and the numerical
solution of the EFDM. In order to test the numerical scheme, Figure 1 shows the approximate
solution where #=15 at T, =1 Ax=Ay=0.08, r“=0.001, S =0.65, while Figure
2 shows the exact solution in this case. Figure 3 shows the approximate solution where
a=11at T, =1 7% =0.0005 Ax = Ay =0.20, and S =0.63, while Figure 4 shows the
exact solution in this case. Figure 5 shows the unstable solution behaviour when
AX=Ay =0.013 S=0.62,and z* =0.079, where the value of is larger than the z*
stability bound S, while Figure 6 shows the exact solution in this case, for more details on
the stability conditions see Theorem 1. Figure 7 shows the unstable solution behaviour when

e this larger than z“where the value of S =0.001,and z* =0.02, Ax=Ay=0.007,
stability bound S, while Figure 8 shows the exact solution in this case, for more details on

the stability conditions see Theorem 1.
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V. Conclusions

In this paper two-dimensional time fractional order diffusion-wave equation is studied
using EFDM, where the fractional derivative is defined in the Caputo sense. Error analysis
and stability of the explicit numerical method for TFDWE were discussed by means of a
fractional version of the von Neumann stability analysis. The numerical result example is
presented. These numerical result demonstrate that the EFDM is a computationally simple
and effcient method for TFDWE.
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