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2. FUNDAMETALS OF ANOVA AND NONPARAMETRIC TESTS
2.1 Analysis-of-Variance Technique

In the estimation and hypothesis testing, we were restricted in each case to considering no more than two population parameters. Such was the case, for example, in testing for the equality of two population means using independent samples from normal populations with common but unknown variance, where it was necessary to obtain a pooled estimate of σ2. [3]
This material dealing in two-sample inference represents a special case of what we call the one-factor problem. When k > 2 sample problem, it will be assumed that there are k samples from k populations. One very common procedure used to deal with testing population means is called the analysis of variance, or ANOVA. [3]
2.1.1 Sources of variability

In the analysis-of-variance procedure, it is assumed that whatever variation exists among the aggregate averages is attributed to (1) variation within treatments and (2) variation between treatments. At any rate, we shall consider the within-sample variation to be chance or random variation. Part of the goal of the analysis of variance is to determine if the differences among the sample means are what we would expect due to random variation alone or, rather, due to variation beyond merely random effects, i.e., differences between samples. [3]
Many pointed questions appear at this stage concerning the preceding problem. For example, how many samples must be tested for each treatment? This is a question that continually haunts the practitioner. In addition, what if the within sample variation is so large that it is difficult for a statistical procedure to detect the systematic differences? Can we systematically control extraneous sources of variation and thus remove them from the portion we call random variation? We shall attempt to answer these and other questions in the following sections. [3]
2.2 One-Way Analysis of Variance: (One-Way ANOVA)

Random samples of size n are selected from each of k populations. The k different populations are classified on the basis of a single criterion such as different treatments or groups. Today the term treatment is used generally to refer to the various classifications, whether they are different aggregates, different analysts, different fertilizers, or different regions of the country. [3]
2.2.1 Assumptions and hypotheses in one-way ANOVA

It is assumed that the k populations are independent and normally distributed with means μ1, μ2, . . . , μk and common variance σ2. As indicated earlier, these assumptions are made more palatable by randomization. We wish to derive appropriate methods for testing the hypothesis
H0: μ1 = μ2 = · · · = μk,

H1: At least two of the means are not equal.
Let yij denote the jth observation from the ith treatment and arrange the data as in Table 2.1. Here, Yi. is the total of all observations in the sample from the ith treatment, yi. is the mean of all observations in the sample from the ith treatment, Y.. is the total of all nk observations, and y.. is the mean of all nk observations. [3]
2.2.2 Model for One-Way ANOVA

Each observation may be written in the form

Yij = μi + ∑ ij ,

where ∑ ij measures the deviation of the jth observation of the ith sample from the corresponding treatment mean. The ij-term represents random error and plays the same role as the error terms in the regression models. An alternative and
Table 2.1 k random samples [3]
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preferred form of this equation is obtained by substituting μi = μ + αi, subject to the constraint  k i=1αi = 0. Hence, we may write

Yij = μ + αi + ∑ ij ,

where μ is just the grand mean of all the μi, that is,
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and αi is called the effect of the ith treatment. [3]
2.2.3 Resolution of total variability into components

Our test will be based on a comparison of two independent estimates of the common population variance σ2. These estimates will be obtained by partitioning the total variability of our data, designated by the double summation
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into two components. 
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It will be convenient in what follows to identify the terms of the sum-of-squares

identify by the following notation:
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The sum-of-squares identity can then be represented symbolically by the equation

SST = SSA + SSE.

The identity above expresses how between-treatment and within-treatment variation add to the total sum of squares. However, much insight can be gained by investigating the expected value of both SSA and SSE. Eventually, we shall develop variance estimates that formulate the ratio to be used to test the equality of population means. [3]
2.2.4 Use of F-Test in ANOVA

The estimate s2 is unbiased regardless of the truth or falsity of the null hypothesis. It is important to note that the sum-of squares identity has partitioned not only the total variability of the data, but also the total number of degrees of freedom. That is, nk −1 = k − 1 + k(n − 1). [3]
When H0 is true, the ratio f = S1²/S² is a value of the random variable F having the F-distribution with k−1 and k(n−1) degrees of freedom (see Theorem 8.8). Since s21 overestimates σ2 when H0 is false, we have a one-tailed test with the critical region entirely in the right tail of the distribution. The null hypothesis H0 is rejected at the α-level of significance when f > fα[k − 1, k(n − 1)].Another approach, the P-value approach, suggests that the evidence in favor of or against H0 is P = P{f[k − 1, k(n − 1)] > f}.The computations for an analysis-of-variance problem are usually summarized in tabular form, as shown in Table 2.2. [3]
S1²
Table 2.2 Analysis of Variance for the One-Way ANOVA [3]
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2.3 Nonparametric Tests
Most of the hypothesis-testing procedures discussed in previous chapters are based on the assumption that the random samples are selected from normal populations. Fortunately, most of these tests are still reliable when we experience slight departures from normality, particularly when the sample size is large. Traditionally, these testing procedures have been referred to as parametric methods. In this section, we consider one alternative test procedure, called nonparametric or distribution-free methods, that often assume no knowledge whatsoever about the distributions of the underlying populations. [3]
Nonparametric, or distribution-free procedures, are used with increasing frequency by data analysts. There are many applications in science and engineering where the data are reported as values not on a continuum but rather on an ordinal scale such that it is quite natural to assign ranks to the data. In fact, the reader may notice quite early in this chapter that the distribution-free methods described here involve an analysis of ranks. Most analysts find the computations involved in nonparametric methods to be very appealing and intuitive. [3]
For an example where a nonparametric test is applicable, consider the situation in which two judges rank five brands of premium beer by assigning a rank of 1 to the brand believed to have the best overall quality, a rank of 2 to the second best, And so forth. A nonparametric test could then be used to determine whether there is any agreement between the two judges. [3]
We should also point out that there are a number of disadvantages associated with nonparametric tests. Primarily, they do not utilize all the information provided by the sample, and thus a nonparametric test will be less effective than the corresponding parametric procedure when both methods are applicable. Consequently, to achieve the same power, a nonparametric test will require a larger Sample size than will the corresponding parametric test. [3]
As we indicated earlier, slight departures from normality result in minor deviations from the ideal for the standard parametric tests. This is particularly true for the t-test and the F-test. In the case of the t-test and the F-test, the p-value quoted may be slightly in error if there is a moderate violation of the normality assumption. [3]
In summary, if a parametric and a nonparametric test are both applicable to the same set of data, we should carry out the more efficient parametric technique. However, we should recognize that the assumptions of normality often cannot be justified and that we do not always have quantitative measurements. It is fortunate that statisticians have provided us with a number of useful nonparametric Procedures. Armed with nonparametric techniques, the data analyst has more Ammunition to accommodate a wider variety of experimental situations. It should be pointed out that even under the standard normal theory assumptions, the efficiencies of the nonparametric techniques are remarkably close to those of the Corresponding parametric procedure. On the other hand, serious departures from Normality will render the nonparametric method much more efficient than the parametric procedure. [3]
2.3.1 Kruskal-Wallis Test

In section 2.1, the technique of analysis of variance was prominent as an analytical technique for testing equality of k ≥ 2 population means. Again, however, the reader should recall that normality must be assumed in order for the F-test to be theoretically correct. In this section, we investigate a nonparametric alternative to analysis of variance. 
The Kruskal-Wallis test, also called the Kruskal-Wallis H test, is a generalization of the rank-sum test to the case of k > 2 samples. It is used to test the null hypothesis H0 that k independent samples are from identical populations. Introduced in 1952 by W. H. Kruskal and W. A. Wallis, the test is a nonparametric procedure for testing the equality of means in the one-factor analysis of variance when the experimenter wishes to avoid the assumption that the samples were selected from normal populations. [3]
Let ni (i=1, 2,..., k) be the number of observations in the ith sample. First, we combine all k samples and arrange then=n1+n2+···+nk observations in ascending order, substituting the appropriate rank from 1, 2,..., n for each observation. In the case of ties (identical observations), we follow the usual procedure of replacing the observations by the mean of the ranks that the observations would have if they were distinguishable. The sum of the ranks corresponding to then I observations in the ith sample is denoted by the random variable Ri. Now let us consider the statistic
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which is approximated very well by a chi-squared distribution with k−1 degrees of freedom when H0 is true, provided each sample consists of at least 5 observations. The fact that h, the assumed value of H, is large when the independent samples come from populations that are not identical allows us to establish the following decision criterion for testing H0. [3]
To test the null hypothesis H0 that k independent samples are from identical populations, compute
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where ri is the assumed value of Ri, for i=1, 2,..., k. If h falls in the critical region H> χ2α with v = k −1 degrees of freedom, reject H0 at the α-level of significance; otherwise, fail to reject H0. [3]
