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276 | 0.64 | 142.85| 7.13 | 8.79 | 42.58 | 483 | 1.72 1
423 | 098 | 128.57| 9.29 | 8.00 | 51.10 | 4.87 | 1.93 1
947 | 127 | 17143 | 7.14 | 9.67 | 111.15| 430 | 2.36 1
6.00 | 1.06 | 171.43 | 6.71 | 10.53 | 92.62 | 4.05 | 2.46 1
443 1 1.08 | 157.14 | 7.79 | 991 | 74.11 | 5.06 | 2.31 1
476 | 1.31 | 128.57 | 7.72 | 9.00 | 83.37 | 4.27 | 2.30 1
539 | 091 | 157.14 | 7.35 | 7.93 | 81.05 | 3.77 | 2.5] 1
366 | 078 | 11429 | 7.17 | 9.96 | 74.11 | 4.54 | 2.42 1
586 | 1.01 | 128.57 | 5.97 | 9.00 | 57.90 | 3.80 | 2.19 1
527 1 1.09 | 11429 | 828 | 8.68 | 76.40 | 4.00 | 2.84 1
585 [ 0.68 | 128.57 | 7.05 | 9.98 | 74.11 | 2.97 | 2.64 1
404 | 0.86 | 21429 | 6.68 | 8.37 | 67.16 | 4.56 | 2.52 1
573 1 0.82 | 157.14 | 8.55 | 8.71 | 92.62 | 4.06 | 2.78 1
990 | 0.71 | 142.85| 7.45 | 8.81 71.79 | 3.73 | 2.59 |
6.42 | 1.48 | 157.14 | 8.12 | 8.63 | 71.79 | 3.95 | 2.8] 1
530 | 0.76 | 128.57 | 7.21 | 8.16 | 64.84 | 2.90 | 2.82 1
378 | 1.00 | 185.71 | 5.75 | 8.68 | 62.57 | 3.91 | 3.09 1
4.80 | 0.94 | 142.85| 6.93 | 8.60 | 78.74 | 2.59 | 2.97 1
391 | 0.90 | 242.86 | 6.11 | 8.78 | 62.53 | 3.44 | 3.38 1
1
1
1
1
1
1
2
2
2
2
2
2

3.64 | 0.90 | 142.85 | 6.14 | 7.67 | 62.53 | 3.29 | 2.87
487 | 079 | 128.57 | 6.62 | 7.91 | 69.47 | 4.07 | 2.70
4.85 | 0.71 | 100.00 | 6.20 | 7.67 | 6020 | 4.21 | 2.87
348 | 1.12 | 17143 | 7.36 | 7.44 | 76.40 | 1.22 | 2.61
6.53 | 0.38 | 114.29 | 590 | 9.30 | 67.16 | 2.84 | 2.69
359 | 1.12 | 8571 | 593 | 8.06 | 92.62 | 3.58 | 2.6]
6.00 | 1.30 | 114.29 | 8.45 | 8.97 | 69.23 | 4.83 | 2.33
4.00 | 0.96 | 128.57 | 5.83 | 8.61 | 96.15 | 3.77 | 2.04
434 1 1.05|157.14 | 6.44 | 8.61 | 88.46 | 4.14 | 1.39
419 | 0.88 | 171.43 | 5.75 | 9.18 | 107.69 | 436 | 1.61
398 | 1.64 | 114.29 | 6.18 | 9.90 | 103.85| 446 1.71
398 | 123 [ 157.14| 7.45 | 9.81 | 92.31 | 4.50 | 1.50
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5.33
6.60
3.95
4.37
3.53
4.06
6.46
4.42
4.68
3.78

434

6.77
4.54
4.32
4.28
4.53
4.04
4.21
5.17

1.20
0.81
[.13
0.83
0.63
0.88
1.70
0.65
0.58
0.68
0.55
0.70
0.65
0.65
0.60
0.35
0.55
0.50
0.55

85.70

100.00
157.14
85.70

85.70

128.57
100.00
71.43

142.86
100.00
128.57
128.57
157.14
114.29
142.86
157.14
85.70

128.59
142.86

7.50
7.90
5.19
6.84
7.17
6.37
6.87
7.45
7.81
7.28
7.26
8.17
8.72
7.67
7.75
7.06
8.81
7.42
6.51

4.48
5.31
433
4.07
3.69
3.51
3.24
3.87
5.18
4.63
4.54
4.49
4.84
4.84
4.01
4.48
4.45
4.45
3.89

1.45
1.43
1.73
1.71
1.51
1.51
1.74
2.03
1.83
1.66
1.66
1.65
1.94
1.84
1.91
1.84
243
1.70
2.24
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ABSTRACT

This paper, investigates the wear performance of AISI 316 stainless steel in
a designed statistical approach, namely the Response Surface Methodology
(RSM). Austenitic stainless steels are widely used in industrial
applications, mainly due to their good corrosion resistance. However, their
low hardness and poor wear performance impose strong limitations in
cases where tribological properties are of prior significance. Nitriding has
gained acceptance as a surface hardening technique despite these problems.
Therefore. an austenitic stainless steel type AISI 316 was subjected to gas
nitriding processes. Experimental design is first created using composite
design method in the response surface methodology. Then gas nitriding
and wear tests were performed accordingly and results analyzed. The
nitrided layers were investigated using optical microscopy (OM)
technique. The phases built-up at the nitrided surfaces were investigated
using X-ray diffraction (XRD) method. The microhardness of the nitrided
layers was also measured and incorporated irf the analysis. Results showed
that the maximum wear resistance experimentally obtained is 93% (7%
wear weight loss) as compared with the un-nitrided specimen (100 % wear
weight loss), The RSM analysis and optimization predicts that this
percentage could be increased up to 98% (2% wear weight loss).

Key words: Ammonia gas nitriding, AISI 316, wear tests. XRD methods,
DOE, Response Surface Methodology.

INTRODUCTION

Austenitic stainless steels are well known by their corrosion resistance and,
as consequence, are extensively used in chemical, nuclear and food
industries. However, they have principal drawbacks, which are low
hardness, low wear resistance, and high friction coefficient [1-3]. All these
can be summarized as poor tribological characteristics. In the past,
different methods have been tried to modify the surface and overcome the
weakness mentioned, without affecting the corrosion resistance of the
stainless steel. Within those methods, gaseous, salt bath, plasma, and ion
beam nitriding methods are dominant. This has been demonstrated by the
recent developed of various low temperature surface modifications
processes including plasma, ion beam, gaseous and salt bath nitriding
methods and the increasing numbers of academic publications, reflecting
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rapidly expanding markets in the food, chemical, nuclear and medical
sectors. Nitrided parts are being used in various applications such as in the
food-processing, biomedical and automotive industries (see Fig.1).

Bolts, nuts and washers

Fig. (1): Nitrided stainless steels parts
In food industry, nitrided stainless steel type 302 piston in a liquid-
ammonia pump (in Coca Cola factory) lasted for more than five years
when replaced a piston made of an un-nitrided 300 series alloy that lasted
approximately six months. As well, nitrided stainless steel type 410 cutting
blade showed less wear after completion of five million cuts when used as
an alternative of un-nitrided blade, which experienced a normal life of only
one million cuts. Also, in another application, nitrided type 321, for a
motor shaft used in the aeration of orange juice, exhibits very good life that
prolonging nine times increasing compared to un-nitrided part [3]. In
biomedical sector, the austenitic microstructure of austenitic stainless steel
is very important due its superior corrosion resistance and nonmagnetic
property. This made it compatible for use in magnetic resonance imaging
(MRI) systems used as diagnostic tools in the medical field [3].
Furthermore, nitriding can be beneficial in other categories as well, such as
automotive parts (engine, transmission, chassis, and accessory
components), cold-forming tools, and hot-forming tools. Some special
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applications include screws and cylinders for plastic extrusion, components
for rotary internal combustion engines, and synchronizer components for
transmissions are ion nitrided to meet close dimensional tolerances,
reduction gears for marine steam turbines, deep-drawing punches and hot-
forging dies [1-6). The research and development of low temperature
surface modification of austenitic stainless steels was focused on
combining the improvements in wear, and fatigue performance
parameters [1-2].

LITERATURE REVIEW

Several studies were performed on gas nitriding and wear behaviour of
stainless steel and other steel types as well. A brief review is provided
hereafter, which would be treated as a reference for designing the
experimental work and for comparing results obtained. Ozbaysal [7]
studied the structure and properties of ion-nitrided layers on AISI 321
austenitic stainless steel, AISI 410 martensitic stainless steel, and AISI 430
ferritic stainless steel, under varying process conditions. Microhardness-
depth correlations, optical microscopy, and transmission electron
microscopy were used in the analysis. The process variables studied
include time (2 - 10 hrs) and temperature (400 - 600 C®). He found that all
three steels showed increasing case depths and decreasing surface hardness
with increasing ion-nitriding temperatures and times. Kuawahara et al [8],
made comparative study between plasma nitriding and ammonia gas
nitriding of austenitic stainless steel type Fe-18Cr-9Ni. Both plasma and
gas nitriding were compared with respect to the growth rate of nitrided
layer. He concluded that the growth rate of nitrided layer in the plasma
nitriding of stainless steel type Fe-18Cr-9Ni is 1 to 2.5 times that in case of
gas nitriding. However, his comparison was based on layer growth rate,
which cannot be considered as strong indicator for the tribological
characteristics of the nitrided stainless steel.

Wei et al [9] presented the results of a comparative study of beam ion
implantation (BII), plasma ion nitriding (PII) and gas nitriding of AISI 304
stainless steel. He concluded that, under controlled conditions (the same
treatment time of 30 to 60 min and the same treatment temperature 400
(), the microstructure of all techniques are similar. However, the
concentrations and nitrogen detectable depths of the nitrogen-enriched
layer are significantly different, depending on the process. Both BII and
PII produce a thick nitrogen-enriched layer (with higher concentration)
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compared with gas nitriding. Mand! et al. |10], investigation was on
finding a compromise between increased hardness, increased wear
resistance and retained corrosion resistance using nitrogen plasma
immersion ion implantation (PIII) on austenitic stainless steel AISI 316 at
a treatment temperature of 380 C°. The depth and the distribution of the
implanted nitrogen and the phase composition were analysed with glow
discharge optical spectroscopy (GDOS) and X-ray diffraction (XRD).
Compared to unireated material, he found that the hardness can be
increased up to factor of four and the wear behaviour was improved by 1-2
orders of magnitude. Only a very small fraction of chromium nitride,
which is not detrimental to the corrosion resistance, was observed with
XRD.

Bell [5] overviewed the development of low temperature thermo-chemical
surface modification processes. He reported that the surface hardness and
wear resistance of the austenitic stainless steels could be much improved
without lowering its corrosion resistance by low temperature nitriding.
Menthe [11] investigated the influence of the plasma nitriding process on
the mechanical properties of austenitic stainless steel. He conducted
plasma nitriding process on AISI 304 steel in a temperature range of 375-
475 C" using pulsed-DC plasma with different N2-H?2 gas mixtures and
treatment times. He found that the wear resistance significantly increased
even at higher loads compared to the untreated material and in the same
time, the microhardness of nitrided layers had increased by factor of five as
compared untreated material. Menthe work was focused on the wear and
microhardness characteristics and dose not mention any thing about
corrosion resistance issues. However, the main point which can be
obtained from his work, is that wear resistance can be improved by plasma
nitriding at low temperature (as low as 375 C%. Baranowska [12] studied
the morphology of the nitrided layers produced on austenitic steel and their
mechanical and tribological behaviour. Using MFM, TEM and XRD
techniques, he found that the coatings produced have complex multilayer
structures. The specific wear rate was measured using a pin-on-disk test
method consisting of an alumina sphere (99.6% Al203, hardness 1800HV,
roughness 0.025-um Ra) of diameter 6mm=0.25-um sliding against the flat
nitrided austenitic steel samples. He found that the Jow temperature gas
nitriding combined with appropriate pre-treatment makes it possible to
obtain surface layers with very complex morphology similar to those
produced by plasma treatments. Furthermore, he found that by changing
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the conditions of the gas nitriding parameters, layers with various phase
compositions could be obtained. Finally, he concluded that the mechanical
properties of the layers are mainly related to nitrogen content and for all
kinds of obtained phase compositions the mechanical properties were at
least the same as for typical gas-nitrided layers obtained at higher
temperature and containing chromium and iron nitrides. Therefore,
Baranowska work confirms the low temperature nitriding benefits and that
gas nitriding can produce layers with comparable properties with other
more advanced techniques. lonara[13] presented results of wear tests
performed on AISI 316L stainless steel samples nitrided with DC-pulsed
plasma equipment for 20 hrs at 400 C° in plasma formed with
25%Nq+75%H,. The wear tests were made with an Amsler-Disc-Machine
A 135 under rolling and sliding conditions. The surface and subsurface
were studied by optical microscope (OM) and microhardness. Wear debris
generated under dry rolling-sliding condition were observed by scanning
electron microscope (SEM). The results showed that plasma nitriding
significantly improves the wear resistance of the surface of the austenitic
stainless steel. However, lonara work could be more beneficial if
parametric studies and process optimization were performed.

Bielawski [14] conducted nitriding process on chromium steel at a
temperature range of 400 - 500 °C in ammonia gas atmosphere. The
microstructure of the resulted layers was investigated using scanning
electron microscopy (SEM) and light microscopy analysis (LMA)
techniques. Its phase build-up was checked by XRD methods, and the
thickness and microhardness of the layers were measured. It was found,
that it is possible to obtain layers with good mechanical properties
(microkzrdness) and good corrosion resistance (microstructure). Moreover,
it was possible, by gas nitriding treatment, to obtain uniform layers at low
temperature processing. He found that by nitriding at temperature below
500 °C, the obtained layers remained white after etching, which suggested
their good corrosion resistance ( as they resisted the acidic effect of the
etching agent). All the obtained layers showed very good mechanical
properties (high hardness) corresponding to a very high nitrogen content in
the layers.
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MATERIALS AND METHODS

The material used for this investigation was austenitic stainless steel type
AISI 316 with a chemical composition shown in Table (1).

Table (1): Chemical composition of AISI 316 austenitic stainless stee] used
in the experiments

Alloying | 1 p S | si| o | N ‘Mo

element

wt.% 0.08 | 1.53 10.023 1 0.024  0.69 | 164 | 104 ‘ 2.00

The as received material microstructure was tully austenitic and its
hardness was 200 HV. The as received material was then stress relieved for
3 hrs at 1100 °C in nitrogen atmosphere then oil quenched to avoid
oxidation. The wear test specimens were fabricated in accordance with
Amsler-Disc-Machine A 135 specimens requirements. Specimens were
prepared with the shape of discs,
38 mm diameter and 10 mm thickness machined from annealed stainless
steel bar. All specimens were subjected to a pickling pre-treatment using a
hot hydrochloric acid (70 °C & 50%) for oxide film breaking as required
by nitriding process. Specimen shape and dimensions are shown
schematically in Fig.(2) and the physical specimens after nitriding in
Fig.(3).
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Fig.(2): Rolling and sliding wear Fig.(3): Wear test specimen after nitriding
test specimen's shape and
dimensions

The response surface methodology (RSM) was then employed to
determine the required points of experiments (design points) within the
previously mentioned ranges of nitriding temperature, nitriding time and
ammonia flow rate. The resulted matrix is shown in Table (2). Anhydrous
ammonia gas was used to accomplish the gas nitriding processes. The
nitriding processes were conducted using a SIB Furnace (pit furnace type
752) shown in Fig.(4).

Table (2): RSM Matrix of gas nitriding process with results of wear
resistance and microhardness
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] 30 500 350 7 1298.0
2 | 18 441 201 49 339.9
3 10 500 350 47 458.4
4 | @ 441 499 52 633.3
] 18 559 201 22 1080.0
6 | 30 500 100 9 973.0
7 42 559 499 18 1010.0
8 50 500 350 25 1089.0
9 30 500 600 26 915.5
10 42 559 201 12 1061.0
1T 1 30 600 350 23 1081.4
12 30 400 350 71 3129
13 42 441 201 37 647.0
14 1 18 559 499 29 1001.0
15 18 441 499 62 388.1
16 | 30 500 350 9 1118.7
17 1 30 500 350 8 1166.8
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Fig. (4) : (a) The SIB Furnace (pit furnace type 752), (b) Schematic
drawing

The wear tests were performed on an Amsler Disc-Machine model A 135
shown in Fig.(5)-a. The arrangements of samples are as shown in Fi 2.(5)-b,
where the top sample rotated at 200 rpm and, to obtain 10 % sliding, and
the bottom sample rotated at 220 rpm. The wear tests were performed
under 500 N load and the wear tests duration was fixed to 2 hours for all
specimens. After wear test, the specimens were cleaned with alcohol and
acetone using an ultrasonic bath; the specimens were weighted with a
ADAM type AAA 260 LE balance (0.0001g sensitivity). After wear test
completion, the preparation of specimens for metallography was made by
cutting them parallel to the rotation plane (longitudinal) and in a transverse
direction. The specimens were then polished up to grade 0.3y and etched
(at room temperature) in an aqueous solution of FeCl; and NITAL 2
solution (2 ml nitric acid + 98 ml ethanol) to reveal the thickness of nitride
layer and the microstructure.
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(a): Overall shape of the wear apparatus {b): zoomed to illustrate the specimens postions

Fig. (5): Photographs showing an Amsler machine model A135 Wear
Testing Machine

The specimens were observed by optical microscopy (OM). In addition, X-
ray diffraction analysis of nitrided surface was performed using a Philips
X-ray diffractometer (rype PW 1800) with a Cu-radiation. A two theta (20)
range of 2" to 80" was selected with step 0.02". The hardening effect of the
nitrided layer was evaluated by surface hardness measurements using the
conventional Vickers micro-hardness technique. Microhardness testing
was carried out under an indentation load of 200g. The microhardness
measurements were made normal to the surface and on transverse sections
of the samples using an equipment Leica VMHT (type 302801) apparatus.

RESULTS AND DISCUSSION

Table (2), shows the incorporated results of wear tests and microhardness
results. Tt can be seen that, for all nitriding processes performed, the wear
resistance significantly improved as compared with un-nitriding material.
High and low wear resistance were obtained around nitriding process No.
land No.2, respectively. In addition, Table (2) shows the high and the low
values were also obtained around nitriding process No. land No.2,
respectively. Detail analysis of these results is provided in a separate
section hereafter. ~ The point of maximum wear resistance and
microhardness (point No.l) will be considered from the microstructure
analysis here and further layer thickness and microstructural analysis is
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provided in a another publication. Therefore, Fig.(6) shows an optical
microscopy (OM) micrograph of a cross section of nitrided specimen
(nitriding process No.l of Table 2). The layer appears uniform and
continuous with a total layer thickness of 72 pm and the diffusion zone can
easily be distinguished from the substrate. Fig.(7) shows a typical
microhardness profile of a sample cross section (nitrided sample
experimental No.1 in the design matrix of Table 2). The sharp transition
from the high hardness in the surface to the low hardness of the substrate
can be observed which is associated with the presence of the nitrided layer.
Fig.(8) shows X-ray diffraction patterns for the same nitriding process no
(1), which detects chromium nitride (Cr N), which is the most responsible
for the increased hardness and wear resistance. Also, shown, the ion nitride

y-FesN. However, the most interesting phase appearing in the nitriding

layer is the expanded austenite phase (Yy), which is named after the lattice
expansion of the original austenite lattice, as indicated by a shift of X-ray
diffraction peaks towards smaller diffraction angles. This phase is reported
to retain the corrosion resistance of the nitrided material [2 ]. Therefore,
its presence in the nitrided layer of the maximum wear resistance specimen
as depicted by the XRD analysis is a significant indication on the good
efficiency of the nitriding process.

Fig.(6): Optical mic;'ographs (OM) of a nitrided layer of AISI 31.6

( nitriding process No.1)
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Fig. (7): Hardness profile across the nitrided layer (nitriding process No.1).
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Fig.(8): X-ray diffraction patterns of a nitrided layer of nitriding process No. 1
PARAMETRIC STUDY
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The results of Table (2) were then analyzed using response surface
methodology (RSM), and the interactions of nitriding processing
parameters (nitriding temperature, nitriding time and ammonia flow rate)
were identified. The effects of nitriding processing parameters on wear
resistance are shown in three-dimensional graphs and contours in Fig.(9)-a,

b, c, d, e, and f Starting with
Fig. (9) a &b, it is clear that an optimum region for the wear do exist. This
is evident from both

the decreasing contour circles and the downward curvature of the 3D
surface plot. More specifically , referring to Fig.(9)-a, the time and
temperature, which provide optimum region of wear (less than 10 %), is
about 32 hrs and 535 C° respectively. This is also shown in the 3D surface
plot of Figure (9)-6. However, these plots need to be correlated with the
other graphs for conclusions. Fig.(9)- ¢, shows the effect of the time and
the flow rate on the wear . As shown the time and the flow rate, which
provide optimum (minimum wear) region of wear (less than 10%) is about
34 hrs and 260 L/hr respectively. This is also agrees with the 3D surface
plot of Fig.(9)-d. However, these plots need to be correlated with the other
graphs for conclusion as well. Figure (9)-e, shows the effect of the
temperature and the flow rate on the wear. As shown the temperature and
the flow rate, which provide optimum region of wear (less than 10 %) is
about 530 C° and 300 L/hr respectively. This is also agrees with the 3D
surface plot of Fig.(9)-f. These plots have provided a comprehensive view
on the parameters effects and an optimization plot will further confirm
these findings.
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OPTIMAZTION

A third and comprehensive method of presenting the nitriding process
parameters effects is by developing the optimization chart of the wear
resistance with the nitriding conditions, which is shown in Fig.(10). This
Figure shows the optimization chart for the performed wear tests on the gas
nitrided specimens. The optimization result is shown in the lift column;
while the optimum setting of each parameter is shown at meddle of the top
row. The behaviour curve of each factor is shown hereunder. As shown,
the optimum nitriding time is 33.4 hrs, the optimum temperature setting is
528.2 °C and the optimum gas flow rate setting is 260 liter/hr, which
resulted in minmum wear of 1.98%. This achievement means that by
setting the nitriding conditions to the previous values, a material with an
optimum wear resistance will be produced (1.98% wear as compared with
the 100% wear of the un-nitrided samples). Furthermore, up to the authors'
knowledge, the optimum 33 hrs nitriding time and the 260 litre/hr
ammonia gas flow rate have not been mentioned in the previous work,
which 1s considered as a further contribution.

] Time Temperature Flow Rate
Optimum Hi o‘ggg% {Sﬁ:a:_*:‘g)):,ni3 : {’)880080.006]
e — oy [53 4053] 2826045 2 0406
conditions™ > 10.0 400.0 100.0
Wear [
Minim um

y=1.8858%9

Fig.(10): Optimum nitriding conditions chart (obtained by MINITAB)
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CONCLUSIONS

From the previous study, we can conclude that:

e The ammonia gas nitriding, if suitably performed, can improve the
wear resistance of austenitic stainless steel type AISI 316. The
considered nitriding process parameters were nitriding temperature,
nitriding time and ammonia flow rate and the two dominate factors
found to be the nitriding temperature, and the nitriding time, while
the ammonia flow rate was found to be of less significance.

o The maximum wear resistance experimentally obtained was 93%
(point No.1 in Table 2) as compared with the un-nitrided specimens
and the RSM optimization predicts that an optimum wearl .98% (=
98% wear resistance ) as compared with the 100% wear of the un-
nitrided specimens could be achieved at 528 C° nitriding
temperature for 33.4 hrs using 260 litre/hr ammonia flow rate.

e Gas nitriding of AISI 316 stainless steel has been shown to produce

the (Yn) S-phase. Such phase is reported to improve both corrosion
and wear resistance of the of AISI 316 steel. However, a
compromise between the wear and corrosion resistance can be
achieved by controlling the nitriding process to produce a material
suitable for the intended application.
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Phytoremediation Of Zinc Contaminated Soils
By Using Hyperaccumulator plant

(I) Dr.Omar M.EIl-Sheibany

(2) Dr. Ibrahim-A-Ghaweel.
(3) Mr.Osama M.Elgebaly.

ABSTRACT

The influence of EDTA treatment on Zn toxicity was
investigated using plant growth and mineral uptake as stress
indicators. Sunflower plants (Helianthus annus) were treated
with various Zn concentrations (35 to 700 PPM Zn) in the
presence and absence of 0.5 gm/KgSoil EDTA. Plants pre-
treated with EDTA and then exposed to Zn exhibited higher
dry root, stem and leaf weight than the plants treated with Zn
alone. An increase in Zn supply resulted in a decrease in the
concentrations of Ca, Mg, P in the roots and an increase of Ca
and N levels in the stems and leaves. The amount of Zn in the
roots, stems and leaves increased with greater Zn rates. The
EDTA treatment increased P in the roots but did not affect the
Ca, N and Mg contents in Zn-treated plants. Most of the Zn
taken up was retained in the roots after EDTA treatment. The
ameliorative effect of EDTA on plant growth could be due to
a lower Zn translocation in the leaves and stems and
increased Zn accumulation in the roots. Lower Zn
translocation in aboveground parts seemed to result from Zn
complexing by organic anion in the roots. This probably
caused less Zn transport to the stems and leaves and
suggested that EDTA has potential for complexing with Zn
and may play a role in tolerance to high Zn levels.

Key words: Phytoremediation, EDTA( Ethylene Diamine
Tetra Acetic Acid »
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C.E.C.(Cation exchange capacity). DTPA (Diethylene
Triamine Penta Acetic acid).

Zinc toxicity amelioration , AAS(Atomic  Absorption
Spectrometry).

(1) Faculty of Science ,Garyounis University.
(2) Faculty of Medicine,Garyounis University.

(3) Environment Science Department , Africa University.
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Abstract

b

In this paper, we give two sequences of positive numbers (M),

which are algebra sequences and logarithmically convex sequences. Also,
we give two spaces of infinitely differentiable functions C(M ) and
E(2.M ) which are related to the previous sequences. We give some

properties and results concerning these spaces.

1. Introduction
In this section, we shall give some standard definitions and results
which we shall use later in this paper.
Notation. Let R denote the set of all real numbers and let C denote the

set of all complex numbers.
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Definition 1.1. Let X be a non-empty set. and let f be a bounded

complex-valued function on X . The uniform norm of f on X,

denoted by | f | . is defined by
X

[F] = sl fColsxex).

Definition 1.2. A normed algebra is an algebra A which is normed as a
linear space and in which

tab I <Ilallllbll (abecA)

We assume || 1 l} =1.
Definition 1.3. A complete normed algebra which is a Banach space is
called a Banach algebra.

There are two kinds of derivatives of complex functions.
Notation. We denote K ' by the set of all limits points.
Definition 1.4. Let K be a compact subset of €. Then K is called a
perfectif K =K'.
Definition 1.5. Let K be a perfect, compact subset of €. We say that
f: K — € is complex- differentiable at apoint a €K if the limt

fllay= tim LETI@ g,

a6 K o —d

exists. We say that [ is differentiuble on K if it is differentiable at cach

point of K . Definition (1) is equivalent to:
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A function f: K — € is called complex- differentiable at a point

ac K iffor each € >0 thereexists &> 0 such that

f(z)—f(a)

oo d

— fta)|<e

forall ze K and (<

z—a [<'(5.

[t follows that ] fz)y—f(a)— fla)y(: wa)i < €

Z —(I!.

Notation. Let K be a perfect, compact subset of €. We denote the n-th
complex derivative of f atapoint «a€K by f '"'(a).
Definition 1.6. Let K be a perfect, compact subset of Then f is called
infinitely complex-differentiable on K if f'"’ ‘existon K for all
n>l.

Definition 1.7. Let K be a perfect, compact subset of €. Let

f K — € be acomplex- differentiable function at a point a € K . Let

T be alinear map from C into C and foreach €>0 there exists

6 >0 such that

Sl —fla)=T(z—a)| <€

z—a] - (2)

forall ze K and Q<

i—al|<é.

The unique linear transformation which satisfies ( 2 ) is called the Frechet

derivative of f at « andisdenotedby T (z —a)=D( f)(a).
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Notation. We denote the n-th Frechet derivative of a function
f:R"—=C by D"(f).
Let R"(n=>1) be the Euclidean space. If n = 1, then a complex

derivative and a Frechet derivative are the same. Let n = 2. If a complex

derivative f '(«) and the Frechet derivative D ( f)(a) both exist. then

for x € C=R", we have

D(f)(a)(x)= fta)x,
and so
}D”(f)(a)} = ‘ f"”(a)l.

Lemma 1.1. [ 2 ). Let D ( f) be the Frechet derivative of f .Let
o€ C. Then

(iy D(afry=aD(f).
(i)D" (af)=aD"(f) (nelN).

Notation. Let C “(R) denote the class of all differentiable complex

functions on R.

Theorem 1.1[1] . Let f,¢g €C (R). Then
(i) f +g€C (R)
(i) fegeC (R).

(iliy af€C >(R) ( « isconstant ).



e N/

~
Theorem 1.2 ( Leibnitz's rule )[ 3] . Ler f . g ceC (R) and aeckR.

Let n e N | Then

i

(L) =3 (1) £ @) ¢ )

ey

Remark.Let f. ¢ <C “(R ) and aeR .Leibnitz s-rule gives us

I(./*g)""(a‘)]gi ()1 e @,

J =0
2. Algebra and logarithmically convex sequences
In this section, we introduce two kinds of sequences of positive real
numbers.

Definition 2.1 [3]. Let (M ) be a sequence of positive real numbers . If

the sequence (M ) satisfies M (= M | =1 and

for all non-negative integers k, n with &< n, then we say that (M ) is

an algebra sequence .

Example 2.1. Let M L= n!) * (neN).Then
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Hence (M ) isan algebra sequence.

In the same way, we can show that the sequence (n! Y (v 1) isan
algebra sequence.

Lemma 2.1 If (M ) is an algebra sequence, then. M, 2 n! for all n.

Proof. Let ( M , ) be an algebra sequence. Then

forall &k <n

Let k¥ =1.Then

So



n

Hence M, > n M, . Itfollows that

M,>nM, _>nn-1)M, > ... > n'M .

1 H

Thus M, > n!.
Definition 2.2. [ 4] Let (M ) be a sequence of positive real numbers

such that M, =1 and

~

M- <M M (n>1).

" n—t n o+l

Then (M ) is called a logarithmically convex sequence.

Example2.2.Let M = n! (ne€N).Then

4l no-

M :(n-H)!(n——I)!
=(n+1)n!(n——])!

=(n+l)n(n—l)!(””1)!

5

= (n+1)n((n=1)"

5

> (n!) .
Hence (M ) is alogarithmically convex sequence.
Lemma 2.2 If (M ) is a logarithmically convex sequence, then
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M, M, <M, (j=n)
Proof. Set A, =log(M ). Since (M, is logaritmically convex

H

sequence, so

So

A/ ~A(? AN—“AH i
<
J j

It follows that

A/ A() \AHAAH '
Since A, =0, s0 we have

A/ + Anw/ : An
Hence log( M )+log(M, )< log(M )

log(M, M, ‘,)glog(M”).
It follows that M M, <M, () <),

Lemma 2.3. If (M ) is a logaritmically convex sequence, then
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(1) M,
() M, M, < M forall m.,n.

1 o

3. Spaces of infinitely differentiable functions

In this section. we introduce two kinds of spaces of infinitely
differentiable functions. Also. we give some their properties in some
results.

Definition 3.1. Let (M ) be a sequence of positive real numbers. We

define the space C( M ) as follows :

where /""" is the n-th derivative of f , the norm

| f “17 =sup { f(x): —x <y <oc)

is the uniform norm over R and 4 , A . are positive constants
i

dependingon f .
Lemma3.l. Letf ¢ €C(M_ ).Then f +g eC( M, ).
Proof. Let f.¢ «C( M, ). Then

A N

B



Thus | (f +g)" HR = [ rm+em|

(VAN
=
)
<
+
D
X

IA
D
+
)
<

Hence f +geC(M,).
Lemma 3.2. Let « be a constant. Let f €C(M ). Then

af €eC(M,).

Proof. Let f €C(M ). Then H £

< i ~""M .So
® - s "

sy

ot
S /1’“f Taf Mn .
®

Hence of €¢C(M ).
Lemma3.3.Let f.g €C(M,).Let «, ;3 beconstants. Then
aof +3geC(M,).

Proof. The proof follows by Lemma 3.1 and Lemma 3.2.

Lemma 3.4. Let « be aconstant. Then C(M )= o« C(M ).
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Proof. Let f €C(M ). Then [[ f ’I <pa M,
Set /1: =1 i, - Then

n

” f lm < a /1‘: v, M

i

n

</1; A,v'[ (oM ).

Thus f €C(aM ). Now,let f €C(a M, ). Then

L ""HE < u ) (aM)

= (« K, )vf M

nt

where ape is anew constant. So f €C(M ).

It follows that C(M )= o« C(M ).

Lemma 3.5, Let f €C(M ). Then

' “ f tn) n
limsup | —— & | <~
W _ "-
X M /

"

Proof. Let f €¢C(M ). Then
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H / %18} f n ” "
. . I . N/ A;/ M/I
limsup | ——| < limsup
it N M” H— "\ n
I
. n n
= limsup | pt v
1 N /

n

=, limsup ( ;1/,>

it— X

|
Since 1", is a positive . so limsup (ut, ) T =1

n—"

Hence limsup | ——— <A
PR M !

Lemma 3.6. Let (M) be a logaritmically convex sequence. Let

f.e€CM ). Then fgcC(M ).

Proof. Let f.g cC(M ). Then

IA
o
<

|7

- ;- "
3 fod

(i)
el <mo M.

i
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Leibnitz s rule gives us

[(rer]

T
@

Thus fgeC(M ).

Definition 3.2. Let (M ) be a sequence of positive numbers. We define

the space E(2.M ) as follows :

~

EQM)={fcC R"): Z[M Cprey

)

< }.

Eal

where ” D“(f)“(\: sup{ H D"(f )(a)“ : aE(C} :

We give some properties of E(2,M ) in the next results. The proofs are
the same of proof of results of the space C (M L)
Lemma3.7. Letf . ¢ cEQ2M ). Then f +g € EQ2M ).

Lemma 3.8. Let « be a constant. Let f €E2M )). Then
of eE(2M)) .
Lemma 3.9. Let M be an algebra sequence. Let f.g CE(2,M ) . Then
f-geEQM,) .
Theorem 3.1. [4]. Let M be a sequence of positive numbers. Then

E(2,M ) ) is a Banach space with respect to the norm
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Theorem 3.2. Let M  be an algebra sequence. Then E(2,M ) is a
Banach algebra.

Proof. By Theorem 3.1, E(2,M, )is a Banach space. Let

f.g € E(2,M,) . Then

Su o] <MY () oD e,

j=0

]

= - i J
: ,IZ_;U /20 M, HD )

I tn-j)
WI]D ‘(g>H,C

C

<|rilel
Thes | fe <] ] ¢l

That is E(2,M ) is a normed algebra.

Hence E(2,M ) is a Banach algebra.
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Notation.. Let f be a complex-valued function distribution on C.

Set

of
dx o Dy

We shall need the following lemma in the next theorem..

Lemma 3.10.[4]. Let [ be a complex differentiable function . Then
|prcacrn| <|pen]
C C

Definition 3.3. Let (M ) be a sequence of positive numbers. We define

a new sequence of positive numbers (M, ) as follows

a >0

- n—l

1 g =0.

Theorem 3.4. Ler f cE(2,M ,) - Then

| acro] < sl
E(2, M) E(:
Proof. Let f €E(2,M ) . We have

ool = S M| prca il

n) el
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oMo, “D '(‘/)t{C ( Lemma 3.10)

i

We have

|7 = S M) b
L« =

M ) n={
n

~

e S e

I

rle Y} oo

n=1

FARES LR

=l <
Hence | f | 2 2 (M,,l) H D”(f)H,\
EQM ) n=l
_ St o]
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