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Abstract

Using the methods of differential subordination and superordination, sufficient
conditions are determined on the generalized derivative operator for analytic functions
in the open unit disc Uto obtain, these results are obtained by investigating
appropriate classes of admissible functions. New differential sandwich-type results
are also obtained for the generalized derivative. Some of the results established in this
paper would provide extensions of those given in earlier works.
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1. Introduction, Definitions, and Preliminaries

The theory of differential subordination in the complex plane is the generalization of
a differential inequality on the real line, which began with the remarkable article
”Differential subordination and univalent functions “by Miller, Mocanu (1981) Since
then, hundreds of papers have appeared in the literature on this topic. The applications
and extensions of the theory have been developed in other fields like differential
equations, partial differential equations, meromorphic functions, harmonic functions
and integral operators.

In this paper, we investigate several results concerning the differential
subordination and superordination of analytic functions in the open unit disc U,
which are associated with derivative operator.

Let H(U) denote the class of analytic functions in the open unit disc
U={z:z eCand|z |[<1} and let H[a,n] denote the subclass of H(U) of the form
f(z)=a+a,z"+a, z""+--- , with H, =H[0,1] and H = H[1,1].

n+1

If f,g are members of the analytic function class H(U) we say that a function f
is subordinate to a function g or g is said to be superordinate to f if there exists a
functionw withw (0)=0, |w(z)|<1 forall (z €U), suchthat f (z)=g@w (z)). In
such a case we write f < g. Further, if the function g is univalent in U then we
have the following equivalentf (z)<g(z) if and only if f (0)=g(0) and
f (U)=g(U).

Let A denote the class of all analytic functions of the form

f(z)=z +>az“  (aeC,zel).

@)
The author in [1] have recently introduced a new generalized derivative operator
D“"(m,q, A)f (z) as the following:

For the function f € A given by (1) we define a new generalized derivative operator
D" (m,q,A)f (z):A — A as follows:

D*"(m,q,A)(f )(z) =12 +ik“(1+:T_1/1)mc(n,k)akz K, 2)

where n,aaeN, ={0,1,2..}ymeZ, 2>0,9>0and c(n,k) = %
k-1

If m=0,1,2,..., then

D" (m, g, A) (z):¢(z)*.*¢<z){( Z)M} Szt +1 @)

(m)—times
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=R"*D“(m,q, )f (2),
where R" =z +> " c(n,k)z", the Ruscheweyh derivative operator.

If m=-1,-2,..., then

D" (m, g, A) (z>:¢(z)*.*¢(z){( Z)m} k2t + @)

(—m)~times
=R"*D“(m,q,A)f (2).

Note that:
D%°(0,q,A)f (z)=D%(1,0,0)f (z)=f (z), and
D%(1,q,A)f (z)=1zf (2).

By specialising the parameters of D“"(m,q, A)f (z), we get the following derivative
and integral operators.

¢ The derivative operator introduced by Ruscheweyh [2];
D°"(0,,4) =D (1,0,0):(n eN;)=R" =2 + S(n,k)a,z*.
k=2
e The derivative operator introduced by Sa la gean [3];
D“°(0,q,2) =D (n,0,1);(n €Ng)=D" =2 + Sk "a, 2"
k=2
¢ The generalised Salagean derivative operator introduced by Oboudi [4];
D°(n,0,2);(n €N,)=D? =2 + Y (1+ A(k ~1)"a,z*.
k=2

e The generalised Ruscheweyh derivative operator introduced by Darus and Al-
Shaggsi [5]; D°"(1,0,2);:(n €Ng) =R? =2 + 3 (1+ Ak ~D)c(n,k)a 2"
k=2
e The derivative operator introduced by Catas [6];
D%/ (m,1,4);(m eNy)=D" (1, A1) =12 Z(l”(k 1)”) c(Bk)a.z"
¢ The integral operator introduced by Cho and T. H. Kim [7];
D*(-n,A,)=1"=z +§k (%)"akz K

It is easily verified from (2) that
1+q)D*"(m+1,q,A)f (z) =2z[D*"(m,q,)f ()] +(1+q—-A)D*"(m,q, ) (2).
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Denote by Q the set of functions y that are analytic and injective on U\E(»),
where E(y)={£edU: Iimé?/(Z ) =},

and are such that » (&) =0, &edU\E (). Further let the subclass of Q for which
7(0) =a be denoted by Q(a), Q(0)=Q, and Q(1)=Q,.
To prove our results, we need the following definitions and Lemmas.

Definition 1.1 [9] Let Q beasetin C; y €Q and n be a positive integer. The class
of admissible functions W [Q,] consists of those functions y:C®xU —C that
satisfy the admissibility condition:

w(r,s,t;z) £ Q,
whenever r = (&), s =k & (&),

ﬂ%{t—+1} > kiR{ler},
S 7(&)

where z eU, £€dU\E (¥) and k >n. We write ¥,[Q,q] = Y[Q, y].

Mz +_a’ with M >0 and |a|<M, then
a

In particular when »(z)=M

y(U)=U,, =w:w|<M}, y(0)=a E(»)=¢ and yeQ. In this case, we set
Y [Q,M,a]l=Y [Q, 7], and in the special case when the set Q =U,, , the class is
simply denoted by W [M ,a].

Definition 1.2 [8] Let Q be asetin C, y(z) eH[a,n] with y (z)=0. The class
of admissible functions W [©,] consists of those functions w:C®xU —C that
satisfy the admissibility condition

w(r,s,t;8) e,

whenever r =y(z), s = 27/—(2)

ER{£+1}2£9%{1+—§7(5)},
s H (&)

where z eU, £eoU and g >k >1. In particular, we write ,[Q, y]= ¥ [Q, 7].

Lemma 13 [9] Let weW¥, [Q,y] with »(0)=a.lf the analytic function
2" ..., satisfies

w(9(@)29'(2)2%0 (2)2)eQ,

g(z)=a+a,z" +a

n+1
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then

9(z)=<r@2).
Lemma 1.4 [8] Let y e ¥, [Q, 7] with »(0)=a, g €Q(a) and

v(9@).29' @).2%0 (2).2)

is univalent in U, then

Qcly(9@)g @)2°g @)z). @ <V)f.

In the present investigation, the differential subordination result of Miller and
Mocanu [8] is extended for functions associated with generalized derivative operator .
A similar problem for analytic functions was studied by many authors for example see

( [10]-[11]). Additionally, the corresponding differential superordination problem is
investigated, and several sandwich-type results are obtained.

2. Subordination Results Associated with Generalized Derivative
operator

In this section, the differential subordination of generalized derivative operator is
investigated. For this purpose, the class of admissible functions is given in the
following definition.

Definition 2.1 Let Q be a set in C, yeQ,H[0,1]. The class of admissible

functions ®_[€Q,»] consists of those functions ¢:C°®xU—C that satisfy the
admissibility condition:

pluv.w;z)gQ,
whenever
kg + 8= g0
u=y(), v= Tiq :
A
1+q 1+q -4,
—Hw —( )u :
A A _oA+tq-4 gy (&)
N, _@aa, i) 2“”%+y@)}
A A

where z eU, £€0U\E(y), 1>0,0>0, and k >1.
Theorem 2.2 Let g e W, [Q,y]. If f €A satisfies
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#(D“"(m,q, A)f (2),D*"(M +1,q,2)f (z),D“" (M +2,,2)f (z)) =,
where >0, >0, m,n,aeN,={0,1,2..},z €U. Then
D*"(m,q,A)f (z)<y(z), (z eV).
Proof: Define the analytic function g in U by

D“"(m,q,A)f (z)=9g(z). (1>0,g>0,m,n,aeN,={0,1,2..},z €U).
(4)

In view of the relation (3) from (4), we get

9(2)

: (1+q-4)
z9 (z)+ )

D" (m +1,q,A)f (z) =

+q

}t
Further computations show that

g @2 @+ e

D*"(m+2,g,A)f (z)=

1+q,,
(7/1 )
Define the transformations from C® to C by
+7(1+q_ﬂ)r t+(1+2(1+q_/1))s +(1+q_/1)2r
Uu=r,v= A W = A A
+q (1+q)2
A A
Let
w(r,s,t;z)=¢u,v,w;z)=
+7(1+q —4) rt+(1+2 (1+9 _}“))3 +(1+q _ﬂ)zr
o(r, A 4 A 7).
1+q

il 1+q,,
A ( A )
The proof shall make use of Lemma 1.3.Using equations (4), (5) and (6), from (8),
weobtain  w(g(z).29'(z).2°g" (2);z )=
#(D“" (m,q, A)f (2),D"(m +1,9, A)f (2),D*"(M+2,9,2)f (z)iz), (9)

where >0, >0, m,5,aeN,={0,1,2..}.
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The proof is completed if it can be shown that the admissibility condition
peW,[Q,y] is equivalent to the admissibility condition for yw as given in

Definitionl1.1. Note that

1+ 1+q-41
COhw -
~+1= -2 )
s (+q), _(rq-4) 2
A A
and hence y € W[Q, ], By Lemma 1.3,
9(z)=72)
or D*"(m,q,A)f (z)<y(z)(z €V).

If Q=+C is a simply connected domain, then Q=h(U) for some conformal
mapping h(z) of U onto Q In this case the class W [h(U),y] is written as
Y, [h,7]. The  following result is an immediate consequence of Theorem 2.2.
Theorem 2.3 Let g W [h,y]. If f €A satisfies

(D" (m,q, A)f (z),D“"(M +1,q,A)f (z),D*"(m +2,0,A)f (2))<h(z),

where 1>0,9 >0, m,n,aeN,={0,1,2..},z €U.

Then
D*"(m,q,D)f (z)<y(z), (z eV).

Our next result is an extension of Theorem 2.2 to the case where the behavior of
y(z) on dU is not known.

Corollary 2.4 Let Qe C and let y be univalentin U, »(0)=0. Let W¥,[Q,y,] for
some p < (0,1) where y,(z)=y(pz).If f (z)eA and
#(D“" (m,q, A)f (2),D“" (M +1,9,A)f (2),D*"(M+2,q,)f (z))e,

where >0, >0, m,n,zeN,={0,1,2..},z e U.
Then
D*"(m,q,D)f (z)<y(z), (z eV).
Proof: Theorem 2.2 yields D“"(m,q,A)f (z) <y(pz). The result is now deduced
from q,(z)<q(2).
In the particular case q(z)=Mz ,M >0, and in view of the Definition 1.2,
the class of admissible functions W,[CQ,»] denoted by WY [Q2,M]. is described

below.
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Definition 2.5 Let Q be a set in C, M >0. The class of admissible functions
®,[Q,M ] consists of those functions ¢:C*xU — C that satisfy the admissibility
condition:

N 4 3Fa-4) L+ ((1r23F9= Ay, AFA=Ayeyyeio
¢ MeiH A Meiﬂ A A 7 EQ
’ 1+ ’ 1+ ' '

where 1>0,0>0, R, R(Le')>N(N -1)M for all real 9, N >1, z eU
m,n,xeN, ={0,1,2...}.

Corollary 2.6 Let p e W, [Q,7]. If f €A satisfies

#(D“"(m,q, D)f (), D" (M +1,9, A)f (2),D"(m +2,9, A)f (2);z)eQ,
where >0, >0, m,n,aeN,={0,1,2..},z €U. Then

[D“"(m,q, A)f (z)|]<M, (z €U).
Proof: Theorem 2.2 gives

D*"(m,q, A)f (z) <y(z) =Mz,
D*"(m,q, A)f (z)<y(z)=Mw (z).

Hence |D*"(m,q,A)f (z)|<M where |w (z)|<1.

In the special case Q= y(U)={w :lw |[<M} the class W [Q2,M ] is simply denoted
by W ,[M].

Corollary 2.7 Let g € W, [QQ, y]. If f €A satisfies
‘¢(D“'” (m,q,A)f (z),D*"(m+1,q,A)f (z),D*"(m+2,q,)f (2);z )‘ <M,

where >0, >0,m,n,aaeN,={0,1,2..},z €U ..
Then
[D“"(m,q, A)f @)|<M, (z eV).

Definition 2.8 Let Q be asetin C; yQ,nH. The class of admissible functions
@, ,[Q, 7] consists of those functions ¢:C°*xU —C that satisfy the admissibility
condition:

pluv.w;z)gQ,
whenever
A k&)

u=y(&), v =7(§)+1+q @)
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1+q 2 — 1+q-1,, |
Cpw- O dva-a 46)
2( )e=kR{1+ ,
(1+q), _(A+a-4) y) 7(&)
A A

where z eU, £€dU\E(y), 41>0,>0, and k >1.
Theorem 2.9 Let g ¥, ,[Q,y]. If f €A satisfies

D*"(m+1,q,4)f (z) D*"(m+2,q,4)f (z) D*"(m+3,q,A)f (z) S leo (10)
D*"(m,q,A)f (z) 'D“"(m+1,q,4)f (z) D*"(m+2,q,A)f (z) ’
where >0, >0, m,8,aeN;={0,1,2..},z €U. Then
D*"(m+1,q9,A)f (z)
D (mq Af @) <y(z), (z €V).
Proof: Define an analytic function g in U by
_D*"(m+1,q,4f (z)
) T ma @) o
Using (11), we get
2g'(z) _2(D""(m+1,9,0)f (2)) z(D""(m,q, A (2)) )
g(z)  D*"(m+1q,A)f (z) D“"(m,q,A)f z)
By making use of (2) in (12), we get
Df::(m+2,q,/1)f (z):g(Z)J{L}zg (2) (13)
D*"(m+1,q,A)f (z) 1+9 ) g(z)
Further computations show that
D“"(m +3,q,A)f (z) _ 1 2%9"(z) L 29'@) +3Zg'(z)+g(z) 1)
PUMA2a @) 040y H96) @)
1+q g 2 2 2
(—}i)g(Z)

Define the transformation from C?® to C by

u=r, v=r+
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w = S
T s 1+q,,. A+0,,. 1+q '
r r (—9r (-
H—qr+ ( P ) ( P )T ( ) )
A
Let
w(r,s,t;z)=¢(uyv,w;z))=
S 1 t S 3s )
1/ r,r+1+q R g, + 1+q, + Trq +r |,z |. (15)
r +ri (=) )1 ()
A p+qr A A A
A

The proof shall make use of Lemma 1.3. Using equations (12), (13) and (14), from
(15), we obtain

w(9(z).29 (z).2%9 (z);2) =

, : ; 16
D*"(m,q,A)f (z) D*"(m+1,q,A)f (z) D*"(m+2,q,)f (z) (16)
where >0, >0, m,n,aeN,={0,1,2...},z eU.

Hence (10) becomes

¢(Da,n(m +1,q,l)f (Z) Da,n(m +21q12“)f (Z) Dav”(m +3’q’l)f (Z) 'Zj

w(9(2).29 (2).2°9 (2);2) eQ

The proof is completed if it can be shown that the admissibility condition for
pe¥,,[Q ] is equivalent to the admissibility condition for y as given in
Definition 1.1. Note that

@ —2) P4
t_+1:((1+q)v jw_ A

S AU —Vv) u-v

and hence y € ¥, [Q, y]. By Lemma 1.3,

D“"(m+1,q,A)f (z)
9(z)=<y() or D (m.a. A @) <7(2),

If Q=C isasimply connected domain, then Q =h(U) for some conformal mapping
h(z) of U onto Q In this case the class ¥, ,[h(U),].

(z €V).

In the particular case y(z)=Mz ,M >0, and in view of the definition 1.2, the class

of admissible functions ¥ ,[€2, y] denoted by ‘¥, ,[€2, M ]. is described below.
10
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Proceeding similarly as in the previous section, the following result is an immediate
consequence of Theorem 2.9.

Theorem 2.10 Let g ¥ ,[h,y]. If f €A satisfies

S(DoT (10,0 () D (m+2,4.0f @) DM +3.0. @) )y 0y
D*"(m,q, A)f (z) 'D*"(m+1,,A)f () D" (m+2,0,A)f (2)° |

where 1>0, >0, m,n,aaeN,={0,1,2...},z €U. Then
D*"(m+1,q9,A)f (z) -
D*"(m,q,A)f (z)

Definition 2.11 Let Q be a set in C, M >0. The class of admissible functions
®@,,[Q,M ] consists of those functions ¢:C*xU — C that satisfy the admissibility
condition:

y(z), (z €eU).

g(uv.w;z))=
2 ig -i0
¢ MeiG,Mei9+ N ’ 1 3e2ig+3M Ne +Le +MN : ,
1+q M Zei494_(1+q)MN 1+q (1+q)2
A A A A

where 1>0,0>0, 8eR, R(Le'")>N (N -1)M, N >1 forall real 6.
Corollary 2.12 Let g ¥, ,[Q2, 7] If f €A satisfies

y D“"(m+1,q,A)f (z) D*"(m+2,q,4)f (z) D“"(m +3,q,4)f (2) S leo
D“"(m,q,A)f (z) 'D“"(m+1,q,4)f (z) D“"(m+2,q,)f (z)’ ’

where >0, >0, m,n,aeN, ={0,1,2...},z € U.

D" (m +1,9,A)f )| _
D“"(m,q, A)f (2) |

Then ‘ M, (z el).

3. Superordination Results Associated with Generalized Derivative
operator

Definition 3.1 Let Q be a set in C; yeQ,nH[0,1], zy (z)#0 The class of

admissible functions @[, 7] consists of those functions ¢:C*xU — C that satisfy
the admissibility condition:

02017 L) /25 - Ggpdally abual) danl)



12

S dala
EJA-“ - a,,ul-u.\‘i\ Sl yall g ?JM‘ 349.;:
4aSaa @JJSSS\ R.)A:. ZJAA
ISSN : 2312 — 4962 2014 /284 Al gh i<l ) 1) o

puyv w;é) £ Q,

whenever

2y +u 974 g

u=y(&), v= A ,

a9

1+q Yw _(1+q —/I)zu

e LA TC TN N TN NP
Arq), @ra-n, * 7 ’Zﬂm{“ /@) }
A A

where z eU, £€0U\E (), 1>0,q>0, and p>1.

Theorem 3.2 Let ge ¥, [Q,y]. If f eA, D*"(m,q,A)f (z) eH, and
#(D“"(M,q, Df (2),D*" (M +1,9, A)f (2),D"(m +2,q, A)f (2))
is univalent in U, then
Qcg(D"(M,q,f (), D" (M +1,9, A)f (2),D"(m +2,q,A)f (2)),
where >0, >0, m,n,aeN,={0,1,2..},z €U,
implies  y(z)<D*"(m,q,A)f (z), (z €V).
Proof: From (9) and (17), we have
Qcg(D"(M,q,A)f (z),D*"(M+1,q,)f (2),D*" (M +2,q9,)f (2)), (z €V)
From (7), we see that the admissibility condition for ¢ € W[, 7] is equivalent to the
admissibility condition for y as given in Definition 1.2. Hence and by Lemma 1.4,we
get y(z) <9(2).
y(z2)<D""(m,q,A)f (z), (z V).
If Q=C is a simply connected domain, then Q=h(U) for some conformal
mapping h(z) of U onto Q In this case the class W,[h(U),y] is written as

Folh. 7]

Proceeding similarly as in the previous section , the following result is an immediate
consequence of Theorem 3.2.

Theorem 3.3 Let h(z) is analytic on U and geW¥,[h,y]. If f cA
D*"(m,q,A)f (z)eH, and

$(D" (M, q, 2)f (2),D°" ( +1,q, Af (2),D*" (m +2,q, Af (2)),

is univalent in U, then
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h(z)<4(D“"(m,q,A)f (z),D“"(M+1,q,)f (2),D“" (M +2,9, A)f (2)),
(18)
where >0, >0, m,n,aeN,={0,1,2..},z €U,

implies
y(@2)=<D*"(m,q,A)f (z), (z €V).
Proof: From (18) we get

h(z)=Qcg(D*"(m,q, A)f (2),D“"(m +1,g, A)f (z),D“" (M +2,q,1)f (z)),
and so by Theorem 3.2, we get

y(2)<D*"(m,q,A)f (z), (z V).
Combining Theorems 2.3 and 3.3, we obtain the following Sandwich-type theorem.

Corollary 3.4 Let h,(z) and y,(z) be analytic functions in U, h,(z) be univalent
function in U, y,(z)eH, with »,(0)=,(0)=0 and ¢ ¥, [h,r]1"Y[h,, 7] If
f eA, D*"(m,q,A)f (z) eH[0,1]nH, and

¢(D“*” (m,q, A)f (z),D*"(m+1,q,A)f (z),D""(m +2,q,A)f (z)),
is univalent in U, then
h(z)<$(D“"(m,q, A)f (z),D“" (M +1,0, A)f (2),D*"(M +2,q, A)f (2))<h,(2),
where 1>0,9 >0, m,n,aeN,={0,1,2..},z €U,
implies  »,(z)<D*"(m,q,)f (z)<.(z), (z V).
Definition 3.5 Let Q be a setin C, yQ, nH. The class of admissible functions

®,,[Q, 7] consists of those functions $:C®xU—>C that satisfy the admissibility
condition:

pUuV,W;E) £ Q,
whenever

A 29(z)
m(p+q) 9(z)

u=q(z), v=9@)+

1+q,, 1+q-1,,

w2 ) _ota=2 >im{l+zq'(z)}

(1+q), (A+q-4) y) m q@i) |’
A A
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where z eU, £€dU\E(y), 1>0,>0, and m >1.
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Now we will give the dual result of Theorem 2.9 for the differential superordination.

| D" (m +1,q, A)f (z)
Theorem 3.6 Let ¢ ¥, [Q.q]. If f A, = (m,q,qg)f (z)

5 D*"(m+1,q,2)f (z) D*"(m+2,q,4)f (z) D*“"(m+3,9,A)f (z)
D*"(m,q,A)f (z) 'D*"(m+1,q,Af (z) D“"(m+2,q,4)f (z))

eH,, and

where 1>0,9 >0, m,n,aeN,={0,1,2..},z €U, is univalentin U, then

Qcs D*"(m+1,9,A)f (z) D*"(m+2,q,A)f (z) D“"(m+3,q,4)f ()
D*"(m,q,A)f (z) 'D“"(m+1,q,4)f (z) D*"(m+2,,)f () )

implies

D*"(m +1,q,A)f (z)
y(2)=< D= (m.a. A)f @) (z €V).

Proof:From (15) and (19), we have

Qcw(9(z).29' (z),2°9 (z);2).

From (16), we see that the admissibility condition for ¢ e \P'D,Z[Qly] is equivalent to
the admissibility condition for W as given in Definition 1.2.

Hence y € ¥, ,[Q, 7] and by Lemma 1.4, we get y(z) <g(z)
D“"(m +1,9, A)f (2)
7)< :

e mant @)

If Q=C is a simply connected domain, then Q=h(U) for some conformal
mapping h(z) of U onto Q In this case the class ¥, ,[h(U),»], is written as

eU).

‘P'D’Z[h,y]. Proceeding similarly as in the previous section, the following result is an
immediate consequence of Theorem 3.8.

Theorem 3.7 Let yeH, and let h be analytic on U, and and ¢G‘I—’ID'2[Q,}/]. If
D*"(m+1,9,A)f (z)
f eA, -
D" (m,q, )f (z)

eH,, and

5 D*"(m+1,q,A)f (z) D*“"(m+2,q,A)f (z) D*“"(m+3,9,)f (z)
D*"(m,q,A)f (z) 'D*"(m+1,q,4)f (z) D“"(m+2,q,A)f (z)

where 4,m,q >0, n,aeN, ={0,1,2..},z €U, isunivalentin U, then

14
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hz)<¢ D“"(m+1,g,A)f (z) D“"(m+2,q,A4)f (z) D“"(m+3,q,4)f (2)
D“"(m,q, A)f (z) 'D“"(m+1,q,A)f (z) D" (m+2,,A)f (z) )’

implies
D“"(m+1,q,A)f (z)
D“"(m,q,)f (z)

Combining Theorem 2.10 and 3.7, we obtain the following Sandwich-type
theorem.

h(z)=< (z €V).

Corollary 3.8 Let h,(z) and y,(z) be analytic functions in U, h,(z) be univalent
function in U, y,(z) e H, with »,(0)=,(0)=0, and ¢V, [h,h]"¥,,[h,.q,]
If f €A, D*"(m+1,9,A)f (z) eH[0,1]nH,, and

p D“"(m+1,q,A)f (z) D*"(m+2,q,4)f (z) D*“"(m+3,q,4)f (z)
D“"(m,q,A)f (z) 'D“"(m+1,q,2)f (z) D“"(m+2,q,A)f (z))’

is univalent in U, then

h (Z)-<¢ Da,n(m +1!q!ﬂ')f (Z) Da’n(m +2,q,ﬂ)f (Z) D“’”(m +3,q,ﬂ,)f (Z)
1 D“"(m,q,A)f (z) 'D*“"(m+1,9,2)f (z) D“"(m+2,q,A)f (2)
(30)
where >0, >0, m,n,aeN,={0,1,2..},z €U, implies

D“"(m +1,q, A)f (2)
D“"(m,q,)f (z)

n(z)= <7,(2), (z€V).
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