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Abstract 

 

   The goal of this thesis is to determine the number of subgroups of a 

finite Abelian group  . Since a finite Abelian group is a direct product of 

Abelian p-groups, the counting problem is reduced to p-groups. More 

precisely, suppose that   
    

     
   is the decomposition of | | as a 

product of prime factors and let               be the 

corresponding primary decomposition of  . In that case,   ( )  

∏  ( 
      ), where  ( ) denotes the number subgroups of the group 

 . Three programs by MATLAB language are introduced, as a 

convenient method for counting some different subgroup types of a finite 

Abelian p-group.  

 

 

 

 

 

 

 

 

 

 

 

 



 

Introduction 

 

   One of the most important problems pertaining to the Abelian group 

theory is determining the number of subgroups of finite Abelian group. 

This topic has been gaining interest of the scientific community since the 

first half of the      century. However, as a finite Abelian group is a 

direct product of Abelian p-groups, the above counting problem is 

reduced to p-groups. Mathematical expressionsFormulas that give the 

number of subgroups of type   of a given finite p-group of type   were 

first published by Delsarte, Djubjuk, and Yeh in 1948. An excellent 

survey on this subject, providing links to symmetric functions was 

written by Butler in 1994. Another way to determine the total number of 

subgroups of finite Abelian p-groups is presented in [3] and is applied 

for rank two p-groups , as well as for elementary Abelian p-groups. 

T ̆rn ̆uceanu gave slightly different method for counting the number of 

all subgroups of several particular finite Abelian p- groups, based on 

properties of certain matrices attached to the invariant factors 

decomposition of an Abelian group  , i.e.            , where 

        | |,   │  │ │  . Finally in     , L.T ́th developed 

explicit formula for determing the number of all cyclic subgroups of a 

direct product of several finite cyclic groups. 

  In this thesis we will solve one of the open problems of [14] by 

introducing three programs by MATLAB language to count the number 

of all subgroups of a finite Abelian p-group. 



 

The thesis consists of four chapters, organized as follows: 

  In chapter one, all basic definitions and properties which are mostly 

used in this thesis are discussed. 

  Chapter two provides background on the structure of finite Abelian 

groups of order  . 

  In Chapter three, different methods for computing the number of 

subgroups of finite Abelian groups are presented. 

  Finally, chapter four provides an application of the concept of the 

fundamental group lattice in counting some different t subgroup types of 

finite Abelian groups. 

 

 

 

 

 

 

 

 

 



 

Chapter One 

Preliminary 

 

  In this chapter, some of the basic concepts of finite group theory are 

introduced, we recall also the basic lattice theoretic concepts. 

 

Definition 1.1 [10] 

  A nonempty set   is a group, if to every pair ( ,  )       an element 

     is assigned, the product of   and  , satisfying the following 

axioms: 

Associativity:  (  )  (  )   for all  ,  ,    . 

Existence of an identity: There exists an element     such that 

         for all    . 

Existence of inverses: For every     there exists an element       

such that            . 

A group   is Abelian if, in addition, the following holds: 

Commutativity:        for all   ,    . 

Examples 1.1 

i. The set    *, -, , -, , -,   , ,   -+ of congruence classes 

modulo   forms finite Abelian group with respect to addition. 

ii. The set  ( ) of all positive integers smaller than  , for each      

and relatively prime to   is finite Abelian group under multiplication 

modulo  . For example,  (  )  *, -, , -, , -, , -+. 

 



 

Definition 1.2 [10]` 

  A group   is finite if   contains only finitely many elements. In this 

case, the number of elements is called the order of  ,denoted by | |. 
 

Definition 1.3 [13] 

  A subgroup   of a group   is a non-empty subset of  , which forms a 

group under the operation of  , and we then write    . 

 

Definition 1.4 [18] 

i. A subgroup   of a group   is called proper if    , and is denoted 

by    . 

ii. The singleton set * + forms a subgroup of all groups and is called 

the trivial subgroup. 

iii. A subgroup   of a group   is called maximal in   if it is a proper 

subgroup of  , and whenever a subgroup   exists satisfying 

     , then either     or    . 

 

Proposition 1.1 [10] 

  A nonempty finite subset   of   is a subgroup if for all       also 

   is in  . 
 

Remark. 

  Any intersection of subgroups of a group   is also a subgroup of  . 

 

Definition 1.5 [18] 

  A group   is called cyclic group if there is an element   in   such that 

  *   |    +. Element   is called a generator of  , and the cyclic 

group generated by   is 〈 〉. 

 



 

Example 1.2 

  The group    under addition modulo   is cyclic. If    , then both   

and     are generators, even though there may be others. 

Definition 1.6 [9] 

  The order  ( ) of an element   in a group   is the smallest positive 

integer   such that     . 

Remark. 

i. Every cyclic group is Abelian. 

ii. If the cyclic subgroup 〈 〉 of   is finite, then  ( )   |〈 〉|. 
iii.   

Theorem 1.1 [6] 

  A subgroup of a cyclic group is cyclic. 

Theorem 1.2 [13] 

  A group   * +, with no nontrivial subgroup is a finite cyclic group of 

prime order. 

Theorem 1.3 [19] 

  A cyclic group of order   has a unique subgroup of order  , for each 

positive divisor   of  . 

Remark. 

  A finite group that contains exactly one maximal subgroup is cyclic of 

prime power order. The converse is also true.     

Theorem 1.4 [8] 

  If   is a positive divisor of  , the number of elements of order   in a 

cyclic group of order   is  ( ). 

In the statement above,   is the Euler  -function, and it is defined for 



 

positive integer   by  ( )   , where   is the number of positive 

integers less than or equal to   that are relatively prime to  . 

Definition 1.7 [10] 

  Let   be a subgroup of   and    . The subset of   consisting of the 

product    *   |    + and    *   |    + is respectively a 

right coset, and a left coset of   in  . 

The number of distinct right cosets of   in   is called the index of   in 

 , and is denoted by |   |. 

Theorem 1.5 (Lagrange’s Theorem) [10] 

  Let   be a subgroup of the finite group  . Then | |  | ||   |. In  

particular, the integers | | and |   | are divisors of | |. 

Remark. 

  If   is a finite Abelian group, then the converse of Lagrange's theorem 

is true for  . 

Corollary 1.1 [10] 

  For every finite group   and every    , the order of   divides | |. 

Corollary 1.2 [13] 

  A cyclic group of prime order contains no nontrivial subgroups. 

This is the converse of Theorem 1.2, and follows immediately from 

Theorem 1.5. 

Definition 1.8 [10] 

  Let   and  ̅ be groups. A mapping 𝜑     ̅ is a homomorphism from 

  to  ̅, if 

(  )         for all  ,    . 



 

Let 𝜑 be a homomorphism from   to  ̅. We set  

Ker 𝜑   *    |      ̅+, Im 𝜑     . 

We refer to Ker 𝜑 as the kernel of 𝜑 and Im 𝜑 as the image of 𝜑.The 

homomorphism 𝜑 is an epimorphism if Im 𝜑   ̅, an endomorphism if 

 ̅   . Moreover, it is a monomorphism if 𝜑 injective, an isomorphism 

if 𝜑 bijective, and an automorphism if 𝜑 is a bijective endomorphism. 

If 𝜑 is an isomorphism, then   is said to be isomorphic to  ̅;in which 

case we may write    ̅. 

Theorem 1.6 (The Structure of Cyclic Groups) [10] 

  Let   be a cyclic group with generator  . If   has finite order  , then   

is isomorphic to 〈     〉.  

Definition 1.9 [7]  

  A group   is cocyclic if      , where   is a prime number and 

   ,  ,   ,∞. 
 

Definition 1.10 [10] 
 

  A subgroup   of   that satisfies       for all     is a normal 

subgroup of  , which is denoted by    . 
 

It should be noted here that all subgroups of Abelian groups are normal. 
 

 

Proposition 1.2 (Product Formula) [19] 
 

  If   and   are subgroups of a finite group  , then |  ||   |  

| ||  , where    *       and    +. 
 

 

Proposition 1.3 [19] 
 

i. If   and   are subgroups of a group  , and if one of them is a 

normal subgroup, then    is a subgroup of  , and      . 



 

ii. If both   and   are normal subgroups of a group  , then    is a 

normal subgroup. 
 

 

Definition 1.11 [10] 
 

 

  Let   ,  ,   be groups. The Cartesian product of the sets    

1

n

i 
           * (   ,   ,   )|      }, 

is a group with respect to componentwise multiplication 

(   ,   ,   )(   ,   ,   )  (     ,   ,     ). 

This group is the external direct product of the groups   ,   ,  . 

Theorem 1.7 [6] 

  The group       is cyclic and is isomorphic to     if and only if   

and   are relatively prime. 

Corollary 1.3 [6] 

  The group 
1

n

i 
   is cyclic and isomorphic to        

 if and only if the 

numbers    for      ̅̅ ̅̅ ̅ are such that the gcd of any two of them is  . 

Theorem 1.8 [8] 

  The order of an element in a direct product of a finite number of finite 

groups is the least common multiple of the orders of the components of 

the element. This can be expressed in the following form: 

 (       )  lcm( (  )    (  )). 

Example 1.3 
 

 

  We determine the number of elements of order    in        . Let 

(   )           such that  (   )=lcm ( ( )  ( ))=  .  



 

Clearly this requires that either  ( )    and  ( )    , or  ( )    

and  ( )   , or  ( )    and  ( )    . 

Case 1  ( )    and  ( )    . According to Theorem 1.4, we have 

 ( )    choices for   and  (  )    choices for  . This gives 

      elements of order   . 

Case 2  ( )    and  ( )   . In this case there are  ( )    choice 

for   and  ( )    choices for  . Consequently, there are       

elements of order   . 

Case 3  ( )    and  ( )    . In this case there are  ( )    choices 

for   and  (  )    choices for  . This gives        elements of 

order   . Thus,          has           elements of order   . 

Theorem 1.9 [13] 

  Let   be a group with two normal subgroups   and  ,with the 

conditions that      * + and      , then      .  

Whereby    is referred to as the internal direct product of   and  . 

Definition 1.12 [19] 

  If   is a prime, then a finite group   is called a  -group if | |      for 

some    . 

Theorem 1.10 [19] 

  If   is a prime, then every group   of order    is Abelian. 

Definition 1.13 [9]  

  If   is a prime and   is a positive integer such that   || | and 

     | | , then a `subgroup of   that has order    is called a Sylow 



 

 -subgroup of  . 

Remark. 

  For a finite Abelian group   the Sylow  -subgroups are called the  -

primary components of  . 

Theorem 1.11 (Cauchy's Theorem) [8] 

  Let   be a finite Abelian group and let   be a prime that divides the 

order of  . Then   has an element of order  . 

Definition 1.14 [6] 

  A group   is decomposable if it is isomorphic to a direct product of two 

proper nontrivial subgroups. Otherwise   is indecomposable. 
 

Theorem 1.12 [6] 

  The finite indecomposable Abelian groups are exactly the cyclic groups 

with order a power of a prime. 
 

Definition 1.15 [12] 

  A partially ordered set or poset is a set   together with a binary relation 

  such that the following conditions are satisfied for all  ,  ,    : 

i. Reflexivity:            . 

ii. Antisymmetry:        and     imply that    . 

iii. Transitivity:            and     imply that    . 

 

Example 1.4 

  If   is any finite group, the subset  ( ) of   consisting of all 

subgroups of   is partially ordered set with respect to set inclusion, and 

is called the subgroup lattice of  . 

 
 



 

Definition 1.16 [12] 

  Let   be a subset of a poset   and    . The element   is an upper 

bound of   if     for all    . An upper bound   of   is the least 

upper bound (supremum) of   if, for any upper bound   of  , we have 

   . This will be denoted as    sup   or     . 

The concepts of lower bound and greatest lower bound (infimum) are 

similarly defined; whereby the latter is denoted by inf   or   . 
 

Remark. 

  In the following text, the notation     inf * , +,     sup * , + 

will be adopted and   will be referred to as the meet and   as the join. 
 

Definition 1.17 [4] 

  Let 〈   〉 be a non-empty ordered set. 

i. If     and     exist for all  ,    , then   is called a lattice. 

ii. If    and    exist for all    , then   is called a complete lattice. 

 

Examples 1.5 
                                                                   

i. Every finite lattice is complete. 

ii. Let   be a group. The set  ( )  *  |    + forms a complete 

lattice, any subset of  ( ) has a greatest lower bound in  ( ) (the 

intersection of all its elements) and a least upper bound in  ( ) (the 

join of all its elements). 
 

Remark. 

  The lattice  ( ) is called the normal subgroup lattice of   and its 

binary operations  ,   are defined by         ,        for 

all  ,      ( ). 

 



 

Definition 1.18 [12] 

  Let   be a poset. In that case, two elements  ,   in   are comparable if 

    or    . A subset   of   is a chain if any two elements in   are 

comparable. Similarly,   is an antichain if no two different elements of 

  are comparable. 

Definition 1.19 [2] 

  If    and    are two posets and   is a map from    to   , then we say   

is order preserving if  ( )   ( ) holds in    whenever     holds in 

    

Theorem 1.13 [2] 

  Two lattices    and    are isomorphic iff there is a bijection   from 

  to    such that both   and     are order preserving. 

Definition 1.20 [4] 

  Let   be a lattice and      . Then   is called a sublattice of   if 

 ,     implies       and      .  

Examples 1.6 

i. Every chain in a lattice is a sublattice. 

ii. The normal subgroup lattice  ( ) is sublattice of subgroup lattice 

 ( ) of a group  . 

iii. For  ,    , if    , the interval ,   -  *   |     + is a 

sublattice of a lattice  . 

 

Theorem 1.14 [12] 

  Every finite lattice is isomorphic to a sublattice of the subgroup lattice 

of some finite group. 



 

Definition 1.21 [12] 

  A lattice   is called modular if for all  ,  ,     the modular law 

holds: 

If    , then (   )      (   ). 

Theorem 1.15 [12]  

  The lattice of normal subgroups of an arbitrary group and the subgroup 

lattice of an Abelian group are modular. 

 

 

 

 

 

 

 

 

 

 

 



 

Chapter Two 

Finite Abelian Groups 

 

  In this chapter, a complete classification of finite Abelian groups is 

given. In essence, all finite Abelian groups are built from cyclic groups, 

which may have prime power orders, or orders    , ,    where    |    , 

for all      ̅̅ ̅̅ . In addition, also in this chapter, the automorphism groups 

of cyclic groups as examples of Abelian groups will also be determined. 

 

2.1 The Structure of Abelian Groups 

 

Theorem 2.1.1 [10] 

  Every finite Abelian group is a direct product of cyclic groups. Thus, 

for every finite Abelian group   

               ,  where 

i.      for all   * ,  ,   ,  +, and, 

ii.   |    , for        . 
 

The    are referred to as the invariant factors of  , and the rank of   is 

defined as the number of invariant factors. 

If | |           , and   is a divisor of | |, then there exist divisors    

of    (     ̅̅ ̅̅ ) such that        . Hence    
      

 

isomorphic to a subgroup of order   of  . This implies the corollary 

given below. 

 



 

Corollary 2.1.1 [10] 
 

  Let   be an Abelian group and   a divisor of | |. Then   contains a 

subgroup of order  . 
 

Remark. 
 

  Theorem 2.1.1 gives an effective way of listing all finite Abelian 

groups of order  . It stipulates that all finite sequence of integers 

  ,   ,   ,   must be found, such that 
 

i.      for all   * ,  ,   ,  + 

ii.    |    ,         , and 

iii.           
 

 

 

It should be note here that finitely generated Abelian groups have a 

structure similar to that of finite Abelian groups. They are a direct 

product of finite Abelian groups and groups isomorphic to  . 
 

Definition 2.1.1 [9] 
 

  If   is a finite Abelian group of order divisible by the prime  , then    

is the set of all elements of   that have orders that are powers of  . 
 

Example 2.1.1 
 

  Consider the additive group     . The order of    is  , which is 

divisible by the prime numbers   and  . In this group: 

Each of , -, and , - has order  . 

Each of , - and , - has order  . 

, - has order  . 

, - has order  . 

For     or    , the subgroups    are given by 



 

   *, -, , -+, 

   *, -, , -, , -+. 
 

Theorem 2.1.2 [9] 

  If   is a finite Abelian group and   is a prime, such that  || |, then    

is a Sylow  -subgroup. 

Theorem 2.1.3 (Primary Decomposition Theorem) [5] 

  Let   be an Abelian group of order     and let the unique 

factorization of   into distinct prime powers be given as 

    
    

      
  .  

Then 

i.   
1

k

i 
   , where |   |    

  ,  for all      ̅̅ ̅̅̅. 

ii. For each    {   ,   ,   ,   } with |  |    , 

                    

with              and              . 

It should be noted here that the decomposition in (i) and (ii) is unique. 

The last theorem yields the following conclusions: 

 

i. Every finite Abelian group   can be expressed as a direct product of 

its p-primary components. 

ii. The number of (distinct, i.e. nonisomorphic) Abelian groups of 

order    is equal the number of partitions of  . 

In particular, if     
    

      
  , and    is the number of partitions of 

  , then the number of nonisomorphic Abelian groups of order   is 



 

 ( )         . 

Example 2.1.2 

  If              , then there are exactly    Abelian groups of 

this order, as presented in the table below:   

Order of    Partitions of   Abelian groups 

     ,    ,  ,    ,  ,     ,        ,            

     ,    ,     ,         

     ,    ,      ,         

 

All Abelian groups of order      can be obtained by taking one Abelian 

group from each of the three lists above and taking their direct product. 

Doing this in all possible combinations yields ways gives all 

isomorphism types: 

                            

                               

                               

                                   

                                  

                                      

 

Every Abelian group of order      is isomorphic to only one of the 

previous groups and no two of these groups are isomorphic. 

In order to find the Abelian group   that is isomorphic to       

            , we first must find the invariant factors    satisfying 

the divisibility condition   |     by regrouping, as follows: 

 

 



 

               

         

          

           

 

Hence,     .  .  ,     .  .  ,     .  .    and         

    . 

 

Theorem 2.1.4 ( Fundamental Theorem of Finite Abelian Groups ) 

  Every finite Abelian group   is a direct product of cyclic groups of the 

form 

   
      

        
    

where the   's need not be distinct primes and prime powers are uniquely 

determined by  . [18] 

Example 2.1.3 

  Determine the isomorphism type of the Abelian group  (  ). 

Solution: 

  Since  (  )  *  ,  ,  ,  ,   ,   ,   ,   ,   ,   ,   ,   ,   ,   ,   , 

  + is of order   , it isomorphic to one of the following 

             

          

       

       

   . 



 

To identify the solution, we must first determine the orders of all 

elements of Abelian group  (  ) : 

 

93 93 99 93 93 93 99 93 33 33 39 33 3 3 9 3 Element 

9 4 4 9 9 4 4 9 9 4 4 9 9 4 4 3 Order 

    

Based the table of orders, we can instantly rule out all but       and 

         as possibilities. Notice that in      , the subgroups 

   * + and * +     have intersection *( ,  )+. However, if we list all 

the cyclic subgroups of order   in  (  ), namely 〈 〉  * ,  ,   ,  +, 

〈 〉  * ,  ,   ,  + , 〈  〉  *  ,  ,   ,  +, and 〈  〉  *  ,  ,   ,  + it 

becomes apparent that none intersect trivially. Thus,  (  )        

  . 

 

2.2 Automorphisms of Cyclic Groups [10] 

 

  As examples of Abelian groups, in this s section, the automorphism 

groups of cyclic groups are determined. 

Let   be a group and let Aut( ) denote the set of all automrphisms of  . 

This set forms a group under the operation of function composition. 

For an Abelian group   and every     the mapping 

 

        such that       

is an endomorphism with 

 

Ker    *   |    +, 

 

Thus, Ker    contains all elements of  , whose orders divide  . 



 

Theorem 2.2.1 

     is an automorphism of the Abelian group  , if and only if ( ,| |)  

 . 

Proof. 

  If ( , | |)   , then Ker    * }. Conversely, if ( , | |)   , then 

there exists a common prime divisor   of   and | |. Now, according to 

Theorem 2.1.3, the  -subgroup    is nontrivial, and there exists a 

subgroup of order   in  . This subgroup is contained in Ker   . 

Definition 2.2.1 

  A subgroup   of a group   is a characteristic subgroup of  , if 

    , for all    Aut( ). 

Evidently, characteristic subgroups are normal in  . Moreover, * + and 

  are characteristic subgroups of   

Theorem 2.2.2 

  Let   be an Abelian group. Then    is a characteristic  -subgroup of 

order | | , where | |  is the greatest  -power dividing | |. 

Theorem 2.2.3  

  Let             If the factors    ,  ,    are characteristic  

subgroups of  , then Aut    Aut       Aut   . 

It is well known that any finite Abelian group   may be expressed as the 

direct product of its Sylow subgroups: 

                

Since the Sylow subgroups of an Abelian group   are characteristic, then 



 

Aut   
1

n

i 
Aut     

Hence, it suffices to determine the automorphism group of cyclic  -

groups. 

If   is a cyclic  -group of order     , then |     | is the number of 

integers   such that        and ( ,  )   . Thus 

|     |      (   ). 

In particular, |     |      if | |   . 

Definition 2.2.2 [18] 

  Let   be a prime number. An Abelian group   is said to be an 

elementary Abelian  -group if every element   of   satisfies     . 

Proposition 2.2.1 [5] 

i. If   is an odd prime and     , then the automorphism group of 

the cyclic group of order   is cyclic of order    . More generally, 

the automorphism group of the cyclic group of order    is cyclic of 

order     (   ). 

ii. For all    , the automorphism group of the cyclic group of order 

   is isomorphic to         . In particular is not cyclic but has a 

cyclic subgroup of index  . 

iii. Let   be a prime and let   be an elementary Abelian  -group. If 

| |    , then   is an  -dimensional vector space   over the field 

    The subgroups of   correspond to the subspaces of   and the 

automorphisms of   to the automorphisms of  . 

 



 

Remark. 

  The Gaussian binomial coefficient 0
 
 
1
 
gives the number of subspace of 

dimension   in a vector space of dimension   over the field of order  . 

The number 0
 
 
1
 
 is defined as 

 

{
 
 

 
 ∏

        

    

 
                           

                                                       
    

                                                    

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Chapter Three 

Counting Subgroups of Finite Abelian Groups 

 

  The process of finding the number of subgroups of a finite Abelian 

group, or drawing the subgroup lattice of a given finite Abelian p-group, 

is a difficult task. In this chapter, different methods that partially solve 

these two problems are introduced. 

In Section 3.1, some simpler methods of [11] are outlined, and are used 

to calculate the number of subgroups of a finite Abelian group of orders 

below thirty. Similarly, Section 3.2 included an expression that gives the 

total number of subgroups of a finite Abelian p-group of rank two. 

In the sections below, a different formula, concerning the number of 

elements of a fixed order and the number of cyclic subgroups of a finite 

Abelian group, is presented by using number-theoretic arguments in 

[17]. 

   

3.1 The Total Number of Subgroups of a Finite Abelian 

Group Whose Orders Below Thirty:  

  

  If   is a finite Abelian group of order   ,   , then it is well known 

that   can be decomposable into a direct product of indecomposable 

cyclic groups: 

                   , where 

  is a prime,              and             . In this 

case the Abelian group   is said to be of type 〈  ,   ,   ,   〉. 



 

  The following simpler methods will be useful in counting the number 

of all subgroups of a finite Abelian group in Table 1, and since a finite 

Abelian group of prime order contains no proper subgroups, these groups 

are not included in Table 1. 

1. The number of all subgroups of a cyclic group of order   ,     is 

   . 

2. For    , the number of all subgroups of an elementary Abelian p-

group   
 , type 〈 ,  ,   ,  〉 is 

2.  

 

3.  

  
1

1

n

k






(    )(      )   (        )

(    )(      )   (   )
 

Proof. 

  Since   
  is an  -dimensional vector space over   , and 0

 
 
1
 
 gives the 

number of all subgroups of dimension (rank)  , then 
0

n

k 
 0

 
 
1
 
 gives the 

total number of subgroups, as follows 

0

n

k 
 0

 
 
1
 
 0

 
 
1
 
 0

 
 
1
 
 0

 
 
1
 
   0

 
   

1
 
 0

 
 
1
 
 

                  
    

   
 

(    )(      )

(   )(    )
   

    

   
   

                  
1
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(    )(      )   (        )

(    )(      )  (   )
. 

Here, 
0

n

k 
 0

 
 
1
 
 is referred to as Galois numbers and is denoted by     . 

 



 

3. For    , the number of all subgroups of Abelian group of order   , 

type 〈 ,    〉 is (   )(   )   . 
4.  

4. The Abelian group of order   , type 〈 ,  〉 contains exactly          

        subgroups. 

Remark. 

  The proof of statement (3) follows directly from Theorem 4.2.1, when 

     and       . Moreover, statement (4) is proven true by 

taking           

 

5. Let   be an Abelian group of order   
    

     
  , then the number 

of all its subgroups  ( ) is 

 

 ( )  ∏  (   )
 
   , 

 

where  (   ) is the total number of the subgroups of   -primary 

components of  . 
 

Example 3.1.1 
 

  The number of all subgroups of a finite Abelian group          is 

   since                     . Then 

 (        )   (           )  

                               (        )  (  ) 

                                    

                                . 

Remark. 

  The number  ( , ) of all subgroups of a finite Abelian group 

      is given by 



 

 ( , )  
1 2,d m d n
 gcd(  ,   )      ( ,    )  

   For example, if    ,    , then the number of all subgroups of the 

Abelian group       is 

 ( , )  
1 23 6,d d
 gcd(  ,   )     ( ,  )     ( ,  )     ( ,  )  

   ( ,  )     ( ,  )     ( ,  )     ( ,  )     ( ,  )       
       

Now, if    , we define   ( ) as the number of non-isomorphic 

Abelian groups of order  . Table 1 provides the classification and the 

number of subgroups of all Abelian groups of order    . 

 

Table (1) 

Number of their 

subgroups 

Abelian groups of 

the same order 
 ( ) Order   

  ,       ,              

             

  ,     ,            ,       ,                 

  ,      ,              

                

  ,             ,               

                

                   

 ,     ,     ,      
  ,     

   ,       ,       ,  

        ,              
       

 ,           ,               

 ,             ,                



 

               

               

 ,    ,             ,        ,                  

 ,            ,               

               

 ,    ,             ,       ,                  

 ,             ,                

 

3.2 The Total Number of Subgroups of a Finite Abelian      

 -Group 

 

  The aim of this section is to determine the subgroups that add to the 

direct product of the subgroup lattice of the direct components. In 

addition, the expression providing the total number of subgroups of a 

finite Abelian group whose  -ranks do not exceed two is also introduced. 

If      , then in general  ( )   ( )   ( ).Therefore, it is 

possible to construct  ( ) of  ( ),  ( ) and all isomorphisms between    

intervals in the subgroup lattice. Moreover , the term "interval" is      

used as follows: if  ,   are subgroups of  , the interval , ,  -   

*   ( )|      +  

 

Definition 3.2.1 [12] 

  Let      . A subgroup   of   is called a diagonal in   (with 

respect to   and   ) if 

i.        , and 

ii.     * +     . 

 



 

Theorem 3.2.1 [12] 

  Let  ,     and      . If       is an isomorphism, then 

 ( )   ( ,  )  *   |   + is a diagonal in   (with respect to   

and  ). 

Conversely, if   is a diagonal in   (with respect to   and  ), then there 

exists a unique isomorphism       such that    ( ).Thus there 

is a bijection between diagonals (with respect to   and  ) and 

isomorphism of   and  , and between diagonals and automorphisms of 

  (if    ). 

Examples 3.2.1 [3] 

1. Consider the Klein group         * ,  ,  ,   │       +. 

Each  (  ) is a chain with two elements and the direct product of 

these two chains is the four element lattice, as shown below. 

 

 

    

 

    

 

Based on Theorem 3.2.1, we have to add as many diagonals as there are 

isomorphisms       (i.e.    ). From   * ,  + to   * ,  + 

there is only one isomorphism, so only one diagonal (namely  (𝜑)  

 ( , 𝜑)  * ,   +) has to be added to the direct product. Hence we 

have       subgroups in the direct product    diagonal 

corresponding to the isomorphism      . Thus, the total number of 

subgroups is      , and   has the "diamond" as subgroup lattice 

 

 

〈 〉  

〈 〉  

 

      

      

〈 〉  

   



 

 

   

 

 

2.  The group         * ,  ,  ,   ,   ,    ,   ,     |    = 

    + has the subgroup lattice shown below: 

 

 

   

 

 

 

 

Indeed, to the direct product of chains 

 

 

 

 

 

 

 

we have to add only two diagonals,   corresponding to the isomorphism 

, ,  -  , ,   - and  ́ to the isomorphism , ,  -  ,  ,  -. Thus, we 

have       subgroups in the direct product     diagonals 

corresponding two isomorphisms, equal to   subgroups, as previously 

noted. 

3. The group         ⟨    |       ⟩ with cyclic subgroups 

  〈 〉  〈  〉,   〈 〉  〈  〉 has the subgroup lattice 

〈 〉  

 

   
    

   

   

 (  ) 

 

   

〈 〉  〈 〉  

    

〈 〉  

 

   

 (  )  

   
    

   

 ́  

   

〈 〉  

 

   

   

         



 

 

 

 

 

 

  

Each  (  ) is a chain with three elements and the direct product of these 

two chains is the nine element lattice 

                                                      

 

 

 

 

 

Now, we have two types of isomorphism: four isomorphisms       

, ,   -  , ,   -,  , ,   -  ,  ,  -,  ,  ,  -  , ,   -, and  

,  ,  -  ,  ,  - as well as two isomorphisms       ( , ,  -  

, ,  - -    has two automorphisms). Thus, we add   diagonals   ,  , 

 ,    ,  , and   for a total of    subgroups. 

4. Let us now consider the  -group           . 

First, we take      with  -element chain subgroup lattice, and 

        with the 'diamond' subgroup lattices, as follows 

   

   

〈 〉  

      

    

        

    

      

    

   

    

   

Index 16 

      

  

    

〈 〉  〈 〉  

    

Index 1 

Index 8 

Index 2 

Index 4 



 

  

 

    

 

 

 

Hence we have        subgroups in the direct product, and we must 

add   diagonals corresponding to   isomorphisms from   , ,   -  to 

each  -segments on the 'diamond' and other   isomorphisms from 

  ,  ,  - to the same-segments. Consequently, the total number of 

subgroups is          . 

Remark. 

  There is no isomorphism from the interval (chain) , ,  - to some  -

element chains in the "diamond"(namely , ,  ,  -, , ,  ,  - or , ,  ,  -) 

because none of these is an interval in the subgroup lattice  ( ). 
 

5.      (     )  

First, we have        subgroups in the direct product        

diagonals corresponding to all isomorphism between  -segments and 

 

 

 

                                                                     

 

 

 

 

〈 〉 

〈 〉 

〈 〉  

 

 

〈 〉  
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〈 〉  

    

   
 

   

   
   

      

    

   

〈 〉  

   

   

   

 ́  

   



 

         more diagonals to be added corresponding to all 

isomorphism between  -segments (   number of  -segments in  (  ), 

|   (  )|   (   )   , and   number of  -segments in  (   

  )), for a total of              subgroups. 

6.      (     ) 

In this case, we take      with  -element chain subgroup lattice, and 

       with the subgroup lattice in Example 3. 

Therefore, we have         subgroups in the direct product, 

        diagonals (between  -segments) corresponding to all the 

      isomorphisms and            diagonals (between  -

segments) corresponding to all the       isomorphisms. The total in 

this example is               subgroups. 

 

The rank two formula 

  In this section, proof of the formula giving the total number of 

subgroups for a finite Abelian p-group of rank two will be given. 

First, set           for arbitrary positive integers   and  . 

Here, we have the direct product of chains of length   and  , 

respectively. In other words, we have (   )(   ) subgroups. Next, 

we determine the diagonals corresponding to the automorphisms 

     ,which give     diagonals for each pair of  -segments, i.e., 

  (   ). 

Further, the diagonals corresponding to the automorphisms        ,  

give  (   ) diagonals for each pair of  -segments. 

Hence, (   )(   ) (   ) diagonals have to be added. 



 

We must continue this process until we exhaust the adjacent min( ,  )-

length segments, which is obviously the chain  ( ) or the chain  ( ). 

This chain produces |   |    pairs of chains of length min( ,  ), each 

generating     (   )  (   ) diagonals. 

Therefore, the total number of subgroups is  

(   ) (   )     (   )  (   ) (   )  (   )     

 (|   |   )    (   )  (   )  (|   |   )    (   )  (   ). 

 

Finite Elementary Abelian p-Groups  

  A finite elementary Abelian  -group has a direct decomposition of type 

  
             , 

where   is a prime and     . 

This is denoted by  (  
 ) for the total number of subgroups of   

  and 

by  ( -seg( (  
 )) for the number of  -segments of the subgroup lattice 

 (  
 ). 

Using │Aut(  )│     and   
       

   , whereby  (  ) is a 

chain with two elements, by counting the subgroups in the direct product 

and the diagonals, respectively, we obtain 

 (  
 )    (  

   )  (   ) ( -seg( (  
   )). 

 

Consequence 

 ( -seg( (  
 ))  

 

   
[ (  

   )    (  
 )]  

                            
 

   
[            ] 



 

                             
    

   
      .  

Where      
0

n

k 
 0

 
 
1
 
, and for all      

      ,       , 

             ( 
   )       . 

Remark. 

  Each finite Abelian  -group   can be written as      ́ where  ́ is a 

finite direct product of finite cocyclic groups of order greater or equal to 

  . If we know how to count the  -segements,  -segements,   , the         

 -segments in  ( ́), we can calculate the total number of subgroups of   

as follows: 

 (     ́)   (   )   ( ́)   (   ) (  -seg)  (   ) (  

 )  (  -seg)   (   )  (   ) (  -seg)         (   ) ((  

 ) -seg)       (   ) (  -seg). 

In the expression above,  (  -seg) denotes the number of  -segments in 

 ( ́). 

  For example, let   be an Abelian  -group         , then   can be 

written as    (     ), where  ́       ,    ,    . Moreover, 

 (  -seg) and   (  -seg) in  (     ) is    and   , respectively. Thus, 

the total number of subgroups of   is 

 (   (     ))  (   )               . 

 

 



 

 

3.3 The Number of Cyclic Subgroups of a Finite Abelian Group 

 

  This section presents several theoretical arguments and mathematical 

expressions concerning the number of elements of a fixed order and the 

number of cyclic subgroups of a direct product of several finite cyclic 

groups. 

3.3.1 The Number of Cyclic Subgroups of                

  In this subsection, we denote by  (  ,   ,  ) for the number of all 

cyclic subgroups of the direct product          , where  ,   ,   ,   

are arbitrary positive integers. 

Theorem 3.3.1 [17]  

  For any   ,  ,     ,  (  ,   ,   ) is given by the expression 

 

 (       )  
1 1 , , r rd n d n
  (  )    (  )

 (   (       ))
                           (   ) 

 

In particular, the number of cyclic subgroups of         

 

              (     )  
1 1 2 2,d n d n
  (   (     ))                          (   ) 

Remark. 

  The expression (   ) follows from (   ) by using the identity 

         ( ) ( )   (   (   )) (   (   ))    (     ). 

 

The following expression relates to the number   (  ,  ,  ) of  

elements of order 𝛿 in          . Let    lcm(  , ,  ), where the 



 

order of every element of  the direct product is obviously a divisor of  . 

Let   denote the M ̈bius function, and define it as 

 

 ( )  {

                                                 
                                                  
(  )                                            

  

 

Theorem 3.3.2 [17] 

  For every   ,   ,      and every 𝛿| , 

 

       (       )  
e 
gcd( ,   ) gcd( ,   )  (𝛿  ⁄ )                  (   ) 

 

                             

 
1 1

1

, ,

, ,
r r

r

d n d n

lcm d d 

  (  )  (  )                              (   ) 

Let   (  , ,  ) denote the number of cyclic subgroups of order 𝛿 (𝛿| ) 

of the group          .Since a cyclic subgroup of order 𝛿 has  (𝛿) 

generators, 

 

     (        )  
  (        )

 ( )
                                                                 (   ) 

 

Now (   ) follows immediately from (   ) and (   ) by 

 

      (       )  
n
   (       )                                                       (   ) 

Example 3.3.1 

  Let us compute the number of all cyclic subgroups of a finite Abelian 

group         . For every 𝛿 |    ( ,  ,  ), there exist cyclic 

subgroups of order 𝛿 . Hence, there are cyclic subgroups of orders 



 

 ,  ,  ,  , and the number of cyclic subgroups corresponding to each of 

these orders are: 

  (     )   (  ) (  ) (  ) 

                 

 
1 2 3

1 2 3

2 , 2 , 3

, , 1

d d d

lcm d d d 

  ( ) ( ) ( )    

  (     )  
  (     )

 ( )
  . 

  (     )  

 
1 2 3

1 2 3

2 , 2 , 3

, , 2

d d d

lcm d d d 

  (  ) (  ) (  ) 

                  ( ) ( ) ( )   ( ) ( ) ( )   ( ) ( ) ( )    

  (     )  
  (     )

 ( )
     

  (     )  

 
1 2 3

1 2 3

2 , 2 , 3

, , 3

d d d

lcm d d d 

  (  ) (  ) (  ) 

                  ( ) ( ) ( )    

  (     )  
  (     )

 ( )
     

  (     )  

 
1 2 3

1 2 3

2 , 2 , 3

, , 6

d d d

lcm d d d 

  (  ) (  ) (  ) 

                  ( ) ( ) ( )   ( ) ( ) ( )   ( ) ( ) ( )    

  (     )  
  (     )

 ( )
     

Consequently, the total number of all cyclic subgroups of a finite 

Abelian group          is: 

 (     )    (     )    (     )    (     )    (     )   . 



 

Corollary 3.3.1 [17] 

  For every prime   and every   ,   ,    ,      max (       ), 

   ( 
         )  

 

    (   )
(    (    )        (    )   

    (      )        (      )). 

Example 3.3.2 

  Let        be a finite Abelian  -group of type 〈 ,  〉. Then      , 

    . Hence, the number of all cyclic subgroups of order   is 

  (    
 )  

 

(   )
(    )        

 

Alternative Method: 

  This method allows us to determine the number of cyclic subgroups of 

order   in        by counting the number of elements using the fact 

that |(   )|    lcm ( ( )  ( )). This requires that both  ( ) and 

 ( ) be   or  ( )    and  ( )    and vice versa. The first case 

yields (   )  elements, while the second case yields  (   ) 

elements of order  . However, as each cyclic subgroup of order 

  has     elements of order  ,        has 
    

   
     cyclic 

subgroups of order  . 

 

3.3.2 The Number of Cyclic Subgroups of             

  In this subsection we consider the special case          . 

According to (   ), 

 

  (      )  
e 
    (𝛿  ⁄ )    (𝛿)                    (   ) 



 

The expression above is the Jordan function of order  . Note that 

  (𝛿)   (𝛿) is the Euler's function. 

This means that the number of all elements of order 𝛿 (𝛿| ) in the direct 

product        , with   factors, is   (𝛿)  𝛿 ∏ (  
 

  
) | . 

Hence the number of cyclic subgroups of order 𝛿 (𝛿| ) of the Abelian 

group         is   (𝛿)   (𝛿). 

 

Now, let   ( ) denote the number of all cyclic subgroups of      

   with   factors. In this case, for every    , the following equality 

holds: 

 

  

  ( )  
n
   ( )

 ( )
                                        (   ) 

 

In particular, let  ( )    ( ). We obtain from (   ) that 

 

                      ( )  
n
  (𝛿)                                        (   ) 

where   (𝛿)  𝛿 ∏ .  
 

 
/ |   is the Dedekind function. For every 

prime power    (   ),  (  )   (          )    . 

 

  For example, by using expressions (   ) and (   ) we can easily count 

the number of all cyclic subgroups of an elementary Abelian p-group 

        , where for every 𝛿 |    ( ,  ,  ) there exist cyclic 

subgroups of order 𝛿. Consequently, there are cyclic subgroups of orders 

 ,   and the number of cyclic subgroups corresponding to each of these 

orders is determined as shown below.  



 

  

  (  ,  ,  )   ,   ( )   . 

  (  ,  ,  )    ∏ .  
 

  
/ |   

                   .  
 

  
/ 

                    . 

  ( )  
   

 ( )
 

                

Hence, the total number of all cyclic subgroups is: 

  ( )       

                . 

 

 

 

 

 

 

 

 

 

 

 

 



 

Chapter Four 

Combinatorial Problems on the Subgroup 

Lattices of Finite Abelian Groups 

 

  In this chapter, the concept of the fundamental group lattices is applied 

to the practical example of counting some different types of subgroups of 

finite Abelian groups. Explicit formulas are obtained for the number of 

subgroups of a given order in a finite Abelian p-group of rank two and 

for the number of maximal subgroups and cyclic subgroups of a given 

order of arbitrary finite Abelian groups. The number of elements of a 

prescribed order in such a group will be also found. 

 

4.1 Fundamental Group Lattices [16] 

Let ( ,  ) be an Abelian group. Then the set  ( ) of all subgroups of   

is a modular and complete lattice. 

If we suppose that   is finite of order  , the fundamental theorem of 

finitely generated Abelian groups implies that there exist the 

numbers     ,   ,   ,   ,      * , + satisfying   │  │ │  , 

          and   
1

k

i 
   . 

This decomposition of a finite Abelian group into a direct product of 

cyclic groups initiated the concept of fundamental group lattice, defined 

below. 



 

Let     be a natural number. Then for each (  ,   ,   ,  )  

(  *   + ) , we consider the set  (             ) consisting of all 

matrices   (   )    ( ) that have the following properties: 

i.      , for any    , 

ii.      ,    ,   ,          , for any      , 

iii.   1.     │    

2.    │ (   ,   
   

   
 ), 

3.    │(   ,   
   

   
 ,   

|
      
      

|

      
 ), 

               

            K.     │(   ,     
     

       
 ,     

|
             
              

|

                
 ,   , 

                 

|
|

                
                
   
   
               

|
|

                              
), 

 

where (   ,   , ,   ) denotes the greatest common divisor of the 

numbers   ,   , ,     . 

On the set  (             ) we introduce the next partial ordering relation 

(denoted by  ), as follows: 

For   (   ),   (   )    (               ),     if and only if the 

relations: 

 

1.    │    , 

 



 

2.    │(    , 
|
      
      

|

   
 ),  

3.    │(    , 
|
      
      

|

   
, 

|

         
         
       

|

      
), 

    

   K.     │(    , 
|
              
              

|

        
 , 

|

                      
                   

               

|

                
 ,   , 

      

|
|

                
                
   
   
               

|
|

                              
)  

hold. 

 

Now, for any   (   ),   (   )   (               ), we consider the 

matrices      (   ) and      (   ), where : 

a.       and      , respectively, for any    , 

b.     [    ,    - as well as     (   ,    ), for any      , 

c. the element     (as well as    ) for     are uniquely determined  

by the condition       (               ) and       (               )), 

respectively. 

We have       inf * ,  } and       sup * ,  } respectively, 

( (              ),  ) forms a lattice, referred to as a fundamental group 

lattice of degree  . 

The next proposition establishes the connection between the fundamental 

group lattice and the finite Abelian groups. 



 

Proposition 4.1.1 [15] 

  For a lattice    ,the following  two conditions are equivalent : 

i. There exists a finite Abelian group  , such that    ( ).                   

ii. There exist the numbers     ,   ,   ,   ,      * , + such that 

  │  │ │   and     (               ). 

Remarks. 

1. If   is a finite Abelian group of order   
    

      
  , then it is well 

known that   can be written as the direct product of its primary 

components 

  
1

m

i 
   , 

where |  |    
  , for all       ̅̅ ̅̅ ̅̅  . Since the subgroups of a direct 

product of groups having coprime orders are also direct products, so we 

obtains that 

 ( )  
1

m

i 
 (   ) 

Therefore, our counting problem is reduced to  -groups. In this case, we 

need to study only fundamental group lattice of type  (                ), 

which consists of all matrices of integers   (   )          satisfying the 

conditions: 



 

 

{
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

                                                                                                    

                                                                            

                  │                                                                                          

       │ (         
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           │(        
   
   

      
|
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 )                     

                                                                                                    

                         │(         
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|

                
      

      

    
 

|
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Where   is a prime and             .  

2. The order of the subgroup of 
1

k

i 
     corresponding to the matrix 

  (   )   (                ) is 

 ∑   
 
   

∏    
 
   

  

 

4.2 The Number of Subgroups of a Finite Abelian  -Group 

 

   As shown in the previous section, in order to determine the number of 

subgroups of a finite Abelian group, it suffices to reduce the study to    



 

 -groups. Hence, the problem is equivalent to determining the number of 

distinct solutions   (   )    ( ) of the system ( ). 

The following is the first result in this section, providing an explicit 

formula that can be used for counting the number of subgroups of finite 

Abelian  -group 
1

k

i 
     in the particular case           . 

Proposition 4.2.1 [14]  

  For   { ,  , ,  +, the number of all subgroups of order    in the 

finite elementary Abelian  -group   
  is   if     or    , and 

1 21 i i i k    
                

 (   )

  if        . In particular, the 

total number of subgroups of   
  is 

  
1 21

1

1 i i i k

k

     




               

 (   )

 . 

   

In the general case, the number of maximal subgroups of a finite Abelian 

 -group 
1

k

i 
     is 

1

k

i 
      

    

   
. 

Example 4.2.1 

  The aim of this example is to determine the total number of all 

subgroups in elementary Abelian  -group   
 . For    * ,  ,  ,  ,  +, we 

begin by counting the number of all subgroups of order     . 

For    , we must have        which implies that the number of 

subgroups of order   in   
  is in this case 

11 4i 
                             . 



 

Let us now suppose that    . Then           and thus    and    

can be chosen respectively as follows: 

( ,  ), ( ,  ), ( ,  ), ( ,  ), ( ,  ), ( ,  ) which implies that the number 

of subgroups of order   in   
  is in this case 

1 21 4i i  
                                             

             

Finally, if    , then             , and thus   ,    and    can 

be chosen respectively as follows:  

( ,  ,  ), ( ,  ,  ), ( ,  ,  ), ( ,  ,  ). 

This implies that the number of subgroups of order   in   
  is in this case 

1 2 31 4i i i   
                                                 

                                        . 

Thus, the total number of all subgroups in elementary Abelian  -group 

  
  is              . 

  

Now , we return to the problem of finding the total number of subgroups 

of 
1

k

i 
    . We shall apply our method for rank two Abelian  -group, 

i.e., for the case when    . 

 

Theorem 4.2.1 [14]  

  For every          , the number of all subgroups of order 

         in the finite Abelian  -group           is 



 

{
 
 

 
 

      

   
                     

       

   
                        

     
            

   
                           

  

 

In particular, the total number of subgroups of           is 

 

(   ) 
,(       )  

     (       )  
     (       )   

  (       )-  

 

Proof. 

  Let   (   ) be a solution of ( ) for    , corresponding to a 

subgroup of order         . In this case, the condition (iii) of ( ) 

becomes 

     
     and       ( 

  ,    
   

   
). 

put       , where       . Then          and so 

     (   ,         ), that is           (        ,    ). 

If       , we must have     and the above condition is satisfied 

by all         .  

Hence, there are      distinct solutions of ( ), and the number of 

subgroups of order          in           is in this case 

  ( )  
0i




      

      

   
                         (   ) 

Now, if        , then       (        ,    ) and thus     can be 

any multiple of       in the set * , ,  ,      +. 



 

It is clear that there are       distinct solutions of ( ) and the number of 

subgroups of order         in           is in this case 

  ( )  
1

0i




       

       

   
                    (   ) 

Finally, if           . Then              and the 

number of distinct solutions of ( ) is again      . Thus the number of 

subgroups of order          in           is in this case  

  ( )  
1

2i



  
       

            

   
             (   ) 

By using the equalities (   ), (   ) and (   ), we obtain the total number 

of subgroups of Abelian p-group           ,which can be written as 

1

0




   ( )  

2

1 1



  
   ( )  

1 2

2 1

 

 



 
   ( )  

 

(   ) 
,(       ) 

     

(       ) 
     (       )  (       )-  

 

4.3 The Number of Cyclic Subgroups of a Finite Abelian    

 -Group 

                                                                                

  Another application of fundamental group lattices is the counting of 

cyclic subgroups of finite Abelian groups. First, we need to obtain this 

number for a finite Abelian  -group of rank  . 

Lemma 4.3.1 [14] 

  The subgroup of           corresponding to the matrix   (   )  

  (          ) is cyclic if and only if     (   ,    
   

   
). 



 

Theorem 4.3.1 [14] 

  For every       , the number of cyclic subgroups of order    in 

the finite Abelian  -group           is: 

 

{

                                                     

                                    
                                                    

  

In particular, the number of all cyclic subgroups of            is 

              (       ) 
  . 

 

Proof. 

   

  Let   
 ( ) be denote by the number of cyclic subgroups of order    in 

          and let   (   )    (          ) be the matrix 

corresponding to such a subgroup. Then 

     
  ,     (   ,    

   

   
)  and                 . 

Put        ,       . Then 

                 (   ,        )       (         ,   ), 

which implies that 

            (        ,    )                                          (   ) 

If    , then        ,        ,       , and thus 

       
 ( )                                                                 (   ) 

For        we must have       . If       , the condition 

(   ) is equivalent to           , therefore     can be chosen in    



 

ways. If         , (   ) is equivalent to      │    and 

           .  

There are               elements of the set * ,  ,   ,           +  

satisfing the previous relations. Therefore, 

  
 ( )     

1

1 1i 



  
 (             )                 (   ) 

If        , then the condition        is satisfied by all 

      , and hence 

  
 ( )  

1

0i




 (             )                                        (   ) 

Now, from the equalities (   )-(   ) we conclude that the total number 

of cyclic subgroups of           is  

  
1

1




 (       )  

2

1 1



  
       

 

   
,(       ) 

      

(       )     -                (       ) 
  .  

 

The above method can be used for an arbitrary    , too. In order to do 

this we need to remark that 

  
 ( )  

    
 ( )       

 (   )

       
  

for all    , where 

  
 ( )  {

                                      
                                   

  

 

This equality extends to the general case, as described below. 



 

Theorem 4.3.2 [14]  

  For every       , the number of cyclic subgroups of order    in 

the finite Abelian  -group 
1

k

i 
     is 

 

  
 ( )  

    
   ( )       

   (   )

       
   

where  

 

  
   ( )  

{
 

 
 (   )                                                   
 (   )                                                

 
                                               

  

 

Since the numbers of cyclic subgroups and of elements of a given order 

in a finite Abelian  -group are connected by Euler's function  , so we 

infer the following consequence of Theorem 4.3.2. 

Corollary 4.3.1 [14] 

  The number of all elements of order   ,       , in the finite 

Abelian  -group 
1

k

i 
     is  

  
 ( ) (  )    

 ( )(       )      
   ( )        

   (   ). 

 

   For example, let us compute the number of all cyclic subgroups of a 

finite Abelian  -group          . 

If    , then the number of all cyclic subgroups (as well as elements) 

of order   in           is 



 

  
 ( )  

   
 ( )   

 ( )

   
         

  
 ( ) ( )  (      ) (   ). 

If    , then the number of all cyclic subgroups (as well as elements) 

of order    in           is  

  
 ( )  

    
 ( )    

 ( )

    
      

  
 ( )  (  )    (    ). 

Hence, the number of all cyclic subgroups of finite Abelian  -group 

          is        .  

Remark. 

  Let   be a finite Abelian group of order   
    

       
   and let 

1

m

i 
    

be the corresponding primary decomposition of  . Then every cyclic 

subgroup   of order    
    

       
   of   can be uniquely expressed as 

a direct product 
1

m

i 
    , where     is a cyclic subgroup of order   

   of 

   ,      . 

This remark leads to the following result, that generalizes Theorem 4.3.2 

and Corollary 4.3.1. 

Corollary 4.3.2 [14] 

  Based on the previous remark, for every (  ,    ,   ,   )   
  with 

     ,        , the number of cyclic subgroups (and elements) of 

order   
    

      
   in   is 



 

∏    
   

   (  )  

and 

 

∏    
   

   (  ) (  
  ), 

  

respectively, where    denotes the number of direct factors of    , 

     . 

   For example, consider the Abelian group         used in Example 

1.3, whereby the number of all of cyclic subgroups of order   , and the 

number of elements of the same order can be obtained as follows: 

Since                       , then     ,     , 

     ,     ,        . So the number of all cyclic subgroups of 

order    is 

∏    
   

   (  )     
  (  )   

  (  )  

                          
 ( )  

 ( ) 

                        .
   

 ( )   
 ( )

   
/ .

   
 ( )   

 ( )

   
/ 

                       =    

Where,   
 ( )    and   

 ( )   , therefore   
 ( )   . Also   

 ( )  

  
 ( )   , therefore   

 ( )   , also the number of elements of order 

   is 

∏    
   

   (  ) (  
  )     

  (  ) (  
  )   

  (  ) (  
  )  

                                     
 ( ) ( )  

 ( ) ( ) 

                                     . 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 



 

The program to calculate the total number of subgroups and the 

number of subgroups of order   ,         ,in a finite 

Abelian p-group          : 
 

clear 

P =input('Please inter P    '); 

n1=input('Please inter n1   '); 

n2=input('Please inter n2   '); 

if n1>n2 

m =n2; 

n2=n1; 

n1=m; 

end 

x=1/(P-1)^2* ((n2-n1+1)*P^(n1+2)-(n2-n1-1)*P^(n1+1)-

(n1+n2+3)*P+(n1+n2+1); 

disp(['The total number of subgroups is   ',num2str(x)]) 

n=0; 

while n<=(n1+n2) 

if n>=0 & n<=n1 

y=(P^(n+1)-1)/(P-1); 

w=P^n; 

disp(['The number of all subgroups of order   ',num2str(w),'   

is   ',num2str(y)]) 

else if n>=n1 & n<=n2 

y=(P^(n1+1)-1)/(P-1); 

w=P^n; 

disp(['The number of all subgroups of order   ',num2str(w),'   

is   ',num2str(y)]) 

else if n>=n1 & n <=(n1+n2) 

y=(P^(n1+n2-n+1)-1)/(P-1); 

w=P^n; 

disp(['The number of all subgroups of order   ',num2str(w),'   

is   ',num2str(y)]) 

end 

n=n+1; 

end 

 

 

Input 
 

Please inter P     3 

Please inter n1    1 

Please inter n2    2 

 
 

Output 
 

The total number of subgroups is   10 

The number of all subgroups of order   1   is   1 

The number of all subgroups of order   3   is   4 

The number of all subgroups of order   9   is   4 

The number of all subgroups of order   27  is   1 

 

 



 

The program to calculate the total number of cyclic subgroups 

and the number of cyclic subgroups of order   ,      , 
respectively the number of all elements of a finite Abelian p-

group                 . 
 
 

clear 

p=input('please inter p   '); 

k=input('please inter k   '); 

N=zeros(1,k); 

for i=1:k 

N(1,i)=input(['Please inter n',num2str(i)]); 

end 

SUM=0; 

n=1; 

disp('The number of all cyclic subgroups of order 1 is 1 ') 

disp('The number of all elements of order 1 is 1 ') 

while n<=N(1,k) 

if n>=0 & n<=N(1,1) 

x=p^((k-1)*n); 

y=p^((k-1)*(n-1)); 

m=(x*p^ n-y*p^(n-1))/(p^ n-p^(n-1)); 

SUM=SUM+m; 

B=m*(p^n-p^(n-1)); 

w=p^n; 

disp(['The number of all cyclic subgroups of order  ',num2str 

(w),'   is  ', num2str(m)]) 

disp(['The number of all elements of order  ',num2str(w),'   

is   ', num2str(B)]) 

else if n>=N(1,1) & n<=N(1,2) 

x=p^((k-2)*n+ N(1,1)); 

y=p^((k-2)*(n-1)+ N(1,1)); 

m=(x*p^n-y*p^(n-1))/(p^n-p^(n-1)); 

SUM=SUM +m; 
B=m*(p^n-p^(n-1)); 

w=p^n; 

disp(['The number of all cyclic subgroups of order  ',num2str 

(w),'   is  ', num2str(m)]) 

disp(['The number of all elements of order  ', num2str(w),'   

is   ', num2str(B)]) 

elseif N(1,k-1)<= n 

x=p^(sum(N(1,1:k-1))); 

m=x*(p^n-p^(n-1))/(p^n-p^(n-1)); 

SUM=SUM+m; 

B=m*(p^n-p^(n-1)); 

w=p^n; 

disp(['The number of all cyclic subgroups of order  ',num2str 

(w),'   is  ', num2str(m)])               

disp(['The number of all elements of order  ', num2str(w),'   

is   ',num2str(B)])     

end 

n=n+1; 

end 



 

x=SUM+1; 

disp(['The total number of cyclic subgroups is  ',num2str(x)]) 

 

 

 

Input 
 

Please inter P    2 

please inter k    3 

Please inter n1   1 

Please inter n2   1 

Please inter n3   2 

 
 

Output 
 

The number of all cyclic subgroups of order   1   is   1 

The number of all elements of  order  1   is  1 

The number of all cyclic subgroups of order   2   is   7 

The number of all elements of  order  2   is  7 

The number of all cyclic subgroups of order   4   is   4 

The number of all elements of  order  4   is  8 

The total number of cyclic subgroups is  12 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

The program to calculate the total number of subgroups and the 

number of subgroups of order   ,     , of elementary 

Abelian p-group   
 ,of arbitrary rank: 

 

 

clear 

P=input(' Please inter p  '); 

k=input ('Please inter k  '); 

sum=0; 

n=0; 

while n<=k 

if n==0 

disp(' The number of all subgroups of order 1 is 1 ') 

else if n>=1 & n <=k 

%the power of P in the Numerator: 

m1=k:-1:(k-n+1); 

NUM=prod(P.^m1-1); 

%the power of P in the Denominator: 

m2=n:-1:1; 

DUM=prod(P.^m2-1); 

y=NUM/DUM; 

sum=sum+y; 

w=P^n; 

disp(['The number of all subgroups of order  ',num2str(w),'   

is   ', num2str(y)]) 

end 

n=n+1; 

end 

x=sum+1; 

disp(['The total number of subgroups is  ',num2str(x)])  
 

 

 

Input 
 

Please inter P   5 

please inter k   3 
 

Output 
 

The number of all subgroups of order   1    is   1 

The number of all subgroups of order   5    is   31 

The number of all subgroups of  order  25   is   31 

The number of all subgroups of order   125  is   1 

The total number of subgroups is 64 

 

 

 

 

 

 



 

 

Conclusions and Future Work 

 

  The results presented in this work indicate that the counting of 

subgroups of a finite Abelian group  is an interesting combinatorial 

aspect of group theory. In this study, although different types of 

subgroups of a finite Abelian group were counted, it was not possible 

to produce explicit formulas for counting the number of subgroups of 

fixed order or total number of subgroups of finite Abelian p-group of 

arbitrary rank. 

Consequently, as a potential direction of further research in this field, 

the following subjects are noted : 

 The number of Fuzzy subgroups of a finite Abelian groups. 

 The number of Characteristic subgroups of finite Abelian groups. 

 Create computer algebra programmes to count the number of 

subgroups of finite Abelian group. 
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 الخلاصة

في ْزا انؼًم خعُا في يٕظٕع يؼرثش ازذ أْى انًٕاظيغ في َظشيح انضيش ْٕٔ زساب ػذد   

انضيش اندضئيح في انضيشج . ٔ انصؼٕتح في انٕنٕج نٓزا انًٕظٕع اَّ يرطهة يؼشفح ػًيمح في 

َظشيح انضيش، ٔنزنك لًُا ترمذيى َؼرمذ اَّ كاف نكم يٍ يشيذ يُالشح ْزِ انًسأنح تررثغ كم 

ٔذُأل انشياظيٌٕ ْزا  [17] 9139 إني [11]0491يُز  ٍخ يٍ لثم انشياظييانًسألا

ػهي انضيش انًسذٔدج تم انضيش انرثذيهيح  اانًٕظٕع ػٍ غشيك زالاخ خاصح ٔكهٓى الرصشٔ

 نذيُا كًا يؼشٔف اَّ إرا كاَد -انًسذٔدج ٔنزنك لًُا تذساسح ْزا انُٕع الأخيش يٍ انضيش، زيث 

ذثذيهيّ  حانعشب انًثاشش نضيش خضئي ّ يًكٍ كراترٓا ػهي صٕسجفاَ، صيشج ذثذيهيّ يسذٔدج  

، ٔتانراني يصثر زساب انضيش اندضئيح في انضيشج انرثذيهيح انًسذٔدج يؼرًذ ػهي    يشذثرٓا

 T ̆rn ̆uceanuأٔسد  -  ,، أيعا في   يؼشفرُا نسساب ػذد انضيش اندضئيح راخ انًشذثح 

انًسذٔدج، ٔفي َٓايح انٕسلح الرشذ انثازث  انرثذيهيح ػذد انضيش اندضئيح في انضيشغشق نسساب 

ضيش انرثذيهيح راخ ننسساب انضيش اندضئيح  يشكهح يفرٕزح ْٔي أيكاَيح ذصًيى يُظٕيح تشايح

ٔتانفؼم لًد ترصًيى ْزِ انًُظٕيح يٍ انثشايح كخٕاسصيياخ أٔلا ثى تًساػذج  .الإَٔاع انًخرهفح

تؼط انًخرصيٍ ذى ذسٕيهٓا إني نغح انًرلاب، ْٕٔ يؼرثش إظافح نٓزا انًٕظٕع ٔاثُي ػهيّ 

 انثازث َفسّ  ٔنمذ لًد ترثٕية ْزا انؼًم ػهى انُسٕ الأذي :

 انًسرخذيح في  انًفاْيى الأساسيحكم انرؼاسيف ٔ في ْزا انثاب ذى ػشض : الباب الأول

 ْزِ الأغشٔزح .

 أٔسدَا انضيش انرثذيهيح انًسذٔدج ٔ ذشكية ذى ذمذيى : الباب الثانيAutomorphism 

  نهضيش انذٔسيح كًثال ػهي انضيش انرثذيهيح انًسذٔدج .

 َالشُا غشق يخرهفح نسساب ػذد انضيش اندضئيح نهضيشج انرثذيهيح ٔفيّ  : الباب الثالث

 سذٔدج.انً

 في ْزا انثاب اسرخذيُا يفٕٓو : الباب الرابع Fundamental group lattice  نسساب

 انضيش اندضئيح  راخ الإَٔاع انًخرهفح في انضيشج انرثذيهيح انًسذٔدج. 

اندضئيح  انؼًم أسفمُا يهسما يٕظر انثشايح ٔذطثيماذٓا تأيثهح نسساب ػذد انضيشٔفي َٓايح 

 ذٔدج.انرثذيهيح انًس في انضيش


