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SOME APPLICATIONS OF A LINEAR  OPERATOR   WITH 

NEGATIVE COEFFICIENTS 

  

 

Abstract: 

The main object of this paper is to introduce and study the new subclasses 
,

, ( , , , )mTS l a c

    

and 
,

, ( , , , )mTR l a c

    of analytic functions with negative coefficients defined by a linear 

operator .Coefficient bounds for functions belonging to these subclasses are determined. 

Further, an application  involving fractional calculus we are also given.  

 

 

 

 للمعاملات سالبةبعض التطبيقات لمعامل خطي 

 

 ربيعة عبدالله  الشبير, عبير مصطفىائشة احمد عامر , نجاة مفتاح العبار, ع

 4و3و1جامعة المرقب -قسم الرياضيات بكلية العلوم  الخمس 2بنغازي ، جامعة بنغازيقسم الرياضيات بكلية التربية 

 

 ملخص.

الهدف الرئيسي من هذه الورقةالبحثية هو تقديم ودراسة فئات فرعية جديدة لدوال تحليلية ذات معاملات سالبة التي تم    

ا وعلاوة على ذلك، تم تطبيق  هذتحدديها  بمعامل خطي. تم حساب المعاملات التي تنتمي إلى هذه الفئات الفرعية.  

 المعاملات  على المعامل الكسري لحساب التفاضل والتكامل 
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1   Introduction 

The theory of derivative and integral plays an important role in the theory of univalent 

functions. It is believed that Ruscheweyh (1975) was the first to give a generalized derivative 

operator in the theory of univalent function. Later, Salagean (1983) gave another generalized 

derivative operator. In the same paper, he introduced an integral operator. Many properties 

have been discussed and studied by many researchers for these two operators. For example, 

Al-Oboudi (2004) introduced a generalized  Salagean operator, Al-Shaqsi and Darus (2009) 

generalized the operator given by Ruscheweyh (1975), while Darus and Al-Shaqsi (2008) 

studied both derivatives of Ruscheweyh and Salagean. These operators motivate us to create 

another type of derivative operator. 

        In this paper is to introduce and study the new subclasses of  analytic functions with 

negative coefficients defined by a linear operator [1,2] 

 

       Let ( )A n  denote the class of all analytic functions in the open unit disc 

 ={ :| |<1},z zU C  of the form:  

 
= 1

( ) = ,( ).k

k

k n

f z z a z n




  N  (1) 

 

 Denote ( )T n  the subclass of ( )A n  consisting of functions of the form:  

 
= 1

( ) = ,( 0, ).k

k k

k n

f z z a z a n




   N  (2) 

 

 For functions ( )f A n  given by (1) and ( )g A n  given by 
=2

( ) = ,n

nn
g z z b z


   

we define the Hadamard product (or convolution) of f  and g  by   

 
= 1

( )( ) = .k

k k

k n

f g z z a b z




    

 If f , g  are analytic in U , we say that f  is subordinate to g  , denoted by ,f g  if there 

exists a function w  analytic in U  with (0) = 0w  and | ( ) |<1w z  ( )z U , such that 

( ) = ( ( ))f z g w z , ( ).z U  It is known that 

( ) ( ) ( ) (0) = (0) ( ) ( )f z g z z f g and f g  U U U . 

 Let the function ( , ; )a c z  be given by  

 
1

=0

( )
( , ; ) = , ( , 0, 1, 2, 3,...),

( )

kk

n k

a
a c z z z c

c



      U  

 where ( )kx  denotes the Pochhammer symbol (or the shifted factorial). 
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Corresponding to the function ( , ; ),a c z  Carlson and Shaffer [12] introduced a linear 

operator ( , )L a c  by  

 
1

=0

( )
( , ) ( ) := ( , ; ) ( ) = .

( )

kk
k

n k

a
L a c f z a c z f z a z

c



   

 Note that: 

 ( , )L a a  is the identity operator, 

and ( , ) = ( , ) ( , ) ( , 0, 1,...).L a c L a b L b c b c    

 

The author [1, 2] has recently introduced a new linear operator , ( , ) ( )m

lD a b f z  as the 

following:   

 

Definition 1.1   Let  

 
, 1

=0

( )1
( , ; ) = ,

1 ( )

m

m kk
l

k k

ak l
a b z z

l b

 



  

 
 

  

 where ( , 0, 1, 2, 3,...), 0, , 0,z U b m l       Z  and ( )kx  is the Pochhammer symbol. 

 

 We defines a linear operator , ( , ) :m

lD a b A A   by the following Hadamard 

product:  

 
, , 1

=0

( )1
( , ) ( ) := ( , ; )* ( ) = .

1 ( )

m

m m kk
l l k

k k

ak l
D a b f z a b z f z a z

l b

  



  

 
 

  (3) 

 Note that: 

 

 0,

0 ( , ) ( ) = ( , ) ( ),D a b f z L a b f z  

 

,(1 ) ( , ) ( ) = (1 ) ( , ) ( ) ( ( , ) ( )) = ( ( , ) ( )), 0,m

ll D a b f z l L a b f z z L a b f z D L a b f z

        

, 1,( , ) ( ) = ( ( , ) ( )),m m

l lD a b f z D D a b f z 



  where ={1,2,3,...}.mN   

 

Special cases of this operator includes: 

 

    ,0 0,

0 ( , ) ( ) = ( , ) ( ) = ( , ) ( ).m

lD a b f z D a b f z L a b f z  
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   the Ruscheweyh derivative operator [8] in the cases:        
0,0

0 ( 1,1) ( ) = ( ); 1.D f z D f z     

  the Salagean derivative operator [10]: ,1

0 (1,1) ( ).mD f z  

  the generalized Salagean derivative operator introduced by Al-Oboudi [9]: 
,

0 (1,1) ( ).mD f z  

   the Catas drivative operator [15]: , (1,1) ( ),m

lD f z  and finally 

 The fractional operator introduced by Owa and Srivastava [6] 

 

 0,0

0 (2,2 ) ( ) = ( ) = (2 ) ( );zD f z f z z D f z        

( )zD f z  is the fractional derivative of f  of  order ;     2,3,4, .    

 Now, we introduce new subclasses of analytic functions involving our operator 
, ( , ).m

lD a b  

  

Definition 1.2 A function ( )f T n  is said to be in the subclass 
,

, ( , , , ),mTS l a c

    for 

(0 < 1, /{0})  C  if and only if:  

 
1

( 1) < ,
zv

v





  (4) 

 where  

 
, 2 ,

, ,

( ( , )) ( ( , ) ( ))
= ,

(1 ) ( , ) ( ) ( ( , ) ( ))

m m

l l

m m

l l

z D a b z D a b f zzv

v D a b f z z D a b f z

 

 



 

  

 
 (5) 

 ( , 0 1).z   U   

 

  

Definition 1.3 A function ( )f T n  is said to be in the subclass 
,

, ( , , , )mTR l a c

    if and only 

if  

 
1

( 1) < ,v 


   (6) 

 ( , 0 1, 0 < 1, /{0}).z       U C   
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 We note that there are some known subclasses of 
,

, ( , , , )mTS l a c

    and 

,

, ( , , , )mTR l a c

  
. 

 

Remark 1.1  (1) If = 0, = = 0m and a c  then  

 
0,

, ( , ,0,0) = ( , , ).nTS l S

       

 (2) If = 0, = = 0m and a c  then  

 
0,

, ( , ,0,0) = ( , , ).nTR l R

       

The classes ( , , )nS     and ( , , )nR     were investigated in [3]. 

 (3)If = 0, = = 0m a c  and = 0, =| |, =1b    then  

 
0,0 *

| |,1 1(0, , , ) = ( ),bTS l c S b  

where ( /{0}).b C  The class *

1 ( )S b  was studied in [4].  

 

2  Coefficient bounds 

 In this section, we obtain necessary and sufficient conditions for a function to be in 

the subclasses 
,

, ( , , , )mTS l a c

    and 
,

, ( , , , )mTR l a c

    respectively. 

  

Theorem 2.1  Let the function f be defined by (3). Then f  belongs to the subclass 
, ( , )m

lTS a b  if and only if   

 1

= 1 1

( )( 1) 1
[1 ( 1)]( | | 1) | |,

1 ( )

m

k
k

k n k

ak l
k k a

l c


    




 

   
     

 
  (7) 

 ( , 0 1, 0 < 1, /{0}).z       U C   

 

 Proof: Suppose 
,

, ( , , , ).mf TS l a c

    By making use of (4) we easily obtain  

 1 > | | ( ),
zv

Re z
v

 
 
   

 
U  

which, in view of ( 5 ), gives : 
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11

= 1 1

11

= 1 1

( )( 1) 1
[1 ( 1)]( 1)

1 ( )
> | | .

( )( 1) 1
[1 ( 1)]

1 ( )

m

kk
k

k n k

m

kk
k

k n k

ak l
k k a z

l c
Re

ak l
k a z

l c




 







 




 

    
     

  
 

          





 (8) 

 

 Setting = (0 <1)z r r  in ( 8 ) we observe that the expression in the denominator 

on the left hand side of ( 8 ) is positive for = 0r  and also for all (0,1).r   Thus by letting 

1r   .through real values ( 8) leads us to the desired condition ( 7 ) of the theoremآ، 

 

 Conversely, by applying the hypothesis ( 8 ) and setting | |=1,z  we find by using 

(7)that 

  

1

= 1 1

1

= 1 1

( )( 1) 1
[1 ( 1)]( 1)

1 ( )
1 =

( )( 1) 1
[1 ( 1)]

1 ( )

m

kk
k

k n k

m

kk
k

k n k

ak l
k k a z

l czv

v ak l
z k a z

l c











 




 

   
     

  


   
    

 





 

 

11

= 1 1

11

= 1 1

( )( 1) 1
[1 ( 1)]( 1)

1 ( )

( )( 1) 1
1 [1 ( 1)]

1 ( )

m

kk
k

k n k

m

kk
k

k n k

ak l
k k a z

l c

ak l
k a z

l c










 




 

   
    

 


   
    

 





 

 

1

= 1 1

1

= 1 1

( )( 1) 1
| | 1 [1 ( 1)]

1 ( )

( )( 1) 1
1 [1 ( 1)]

1 ( )

m

k
k

k n k

m

k
k

k n k

ak l
k a

l c

ak l
k a

l c


  







 





 

    
       


   

    
 





 

 = | | .   

  Hence, by the maximum modulus principle, we have 
,

, ( , , , ).mf TS l a c

      

 

Corollary 2.1  

      Let the function f  be defined by (3)and 
,

, ( , , , ),mf TR l a c

    then  

 

1

1

| |
, ( 1),

( )( 1) 1
[1 ( 1)]( | | 1)

1 ( )

k m

k

k

a k n
ak l

k k
l c

 


   



  
   

     
 

 (9) 

 with equality only for functions of the form  
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1

1

| |
= , ( 1).

( )( 1) 1
[1 ( 1)]( | | 1)

1 ( )

k

z m

k

k

f z z k n
ak l

k k
l c

 


   



  
   

     
 

 

  By using the same arguments as in the proof of Theorem 2.1 we can establish the 

next theorem. 

  

Theorem 2.2  Let the function f be defined by (3). Then f  belongs to the subclass 
,

, ( , , , )mTR l a c

    if and only if   

 1

= 1 1

( )( 1) 1
[1 ( 1)] | |,

1 ( )

m

k
k

k n k

ak l
k k a

l c


  




 

   
   

 
  (10) 

 ( , 0 1, 0 < 1, /{0}).z       U C   

Corollary 2.2      

       Let function f  be defined by (3) and 
,

, ( , , , ).mf TR l a c

    Then  

 

1

1

| |
( 1),

( )( 1) 1
[1 ( 1)]

1 ( )

k m

k

k

a k n
ak l

k k
l c

 


 



  
   

   
 

 (11) 

  with equality only for functions of the form  

 

1

1

| |
= , ( 1).

( )( 1) 1
[1 ( 1)]

1 ( )

k

z m

k

k

f z z k n
ak l

k
l c

 


 



  
   

   
 

 

 3  An Application of Fractional Calculus 

 From among various definitions of fractional calculus (that is, fractional derivative 

and fractional integral),we recall here the following definitions which have been used by 

many authors including, for example(Owa [13], Srivastava and Owa, [14]).  

 

Definition 3.1  The fractional integral of order   is defined by  

 
10

1 ( )
( ) = ,

( ) ( )

z

z

f t
D f z dt

z t







   

 where > 0  f  is an analytic function in a simply connected domain of the z-plane 

containing the origin and the multiplicity of 1( )z t   is removed by requiring ( )log z t  to 

be real when ( ) > 0.z t   

Definition 3.2  The fractional derivative of order   is defined by  
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0

1 ( )
( ) = ,

(1 ) ( )

z

z

d f t
D f z dt

dz z t



    

 where 0 <1  f  is an analytic function in a simply connected domain of the z-plane 

containing the origin and the multiplicity of 1( )z t   is removed by requiring ( )log z t  to 

be real when > 0.z t   

 Theorem 3.3  Let the function f  defined by (3) be in the subclass 
,

, ( , , , ).mTS l a c

    Then for 

| |= <1z r . 

 | ( ) |zD f z   

 

 
1| | | | ( 1)! (2 )

1 | | ,
(2 ) ( )( ) 1

[1 ( )]( | |) ( 2 )
1 ( )

k

m

k

k

z k
z

ak l
k k k

l c

   

 
   



 
 

   
 

     
        

 (12) 

 and  

 | ( ) |zD f z   

 
1| | | | ( 1)! (2 )

1 | | .
(2 ) ( )( ) 1

[1 ( )]( | |) ( 2 )
1 ( )

k

m

k

k

z k
z

ak l
k k k

l c

   

 
   



 
 

   
 

     
        

 (13) 

 The estimates in (12) and (13) are sharps.  

 

Proof: 

From Definition 3.1,we get  

 
= 1

( 1) (2 )
(2 ) =

( 1 )

k

z k

k n

k
z D z a z

k

  





 



   
  

  
  

 
= 1

= ( ) ,k

k

k n

z k a z




   (14) 

 where  

 
( 1) (2 )

( ) = .
( 1 )

k
k

k





   


  
 

Since ( )k  is a decreasing function of k  we have 
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( 1)! (2 )

0 < ( ) ( 1) = ,
( 2 )

k
k k

k





  
  

  
 

 in view of Theorem 2.1, we have 

 
= 1

( )( ) 1
[1 ( )]( | |)

1 ( )

m

k
k

k nk

ak l
k k a

l c


  





  
   

 
  

 1

= 1 1

( )( 1) 1
[1 ( 1)]( | | 1) | |,

1 ( )

m

k
k

k n k

ak l
k k a

l c


    




 

   
     

 
  

 
= 1

| |
.

( )( ) 1
[1 ( )]( | |)

1 ( )

k m
k n

k

k

a
ak l

k k
l c

 


  






  

   
 

  (15) 

Using (15) and (10) we have 

 1

= 1

| (2 ) ( ) | | | ( 1) | |kz k

k n

z D f z z k z a 


  



       

 

 
1( 1)! (2 ) | |

| | | | ,
( 2 ) ( )( ) 1

[1 ( )]( | |)
1 ( )

k

m

k

k

k
z z

k ak l
k k

l c

  

 
  

  


     
   

 

 

 and  

 1

= 1

| (2 ) ( ) | | | ( 1) | |kz k

k n

z D f z z k z a 


  



       

 

 
1( 1)! (2 ) | |

| | | | ,
( 2 ) ( )( ) 1

[1 ( )]( | |)
1 ( )

k

m

k

k

k
z z

k ak l
k k

l c

  

 
  

  


     
   

 

 

           Which prove the inequalities of Theorem 3.3. Finally, we can easily see that the results 

(12) and (13) are sharp for the function f  defined by  

1 | | ( 1)! (2 )
( ) = 1 .

(2 ) ( )( ) 1
[1 ( )]( | |) ( 2 )

1 ( )

k

z m

k

k

z k
D f z z

ak l
k k k

l c
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 By using the same arguments as in the proof of Theorem 3.3, we can establish the next 

theorem. 

Theorem 3.4 Let the function f  defined by (3) be in the class 
,

, ( , , , ).mTR l a c

    Then 

for | |= <1z r  

 | ( ) |zD f z   

 

 
1| | | | ( 1)! (2 )

1 | | ,
(2 ) ( )( ) 1

( 1)[1 ( )] ( 2 )
1 ( )

k

m

k

k

z k
z

ak l
k k k

l c

   

 
 



 
 

   
 

     
        

 (16) 

 and  

 | ( ) |zD f z   

 
1| | | | ( 1)! (2 )

1 | | .
(2 ) ( )( ) 1

( 1)[1 ( )] ( 2 )
1 ( )

k

m

k

k

z k
z

ak l
k k k

l c

   

 
 



 
 

   
 

     
        

 (17) 

 The estimates in (16) and (17) are sharps.  

  

Theorem 3.5  Let the function f  defined by (3) be in the subclass 
,

, ( , , , ).mTS l a c

    Then for 

| |= <1z r . 

 | ( ) |zD f z   

 

 
1| | | | ( 1) (2 )

1 | | ,
(2 ) ( )( ) 1

[1 ( )]( | |) ( 2 )
1 ( )

k

m

k

k

z k k
z

ak l
k k k

l c

   

 
   



 
 

    
 

     
        

 (18) 

 and  

 | ( ) |zD f z   
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1| | | | ( 1) (2 )

1 | | .
(2 ) ( )( ) 1

[1 ( )]( | |) ( 2 )
1 ( )

k

m

k

k

z k k
z

ak l
k k k

l c

   

 
   



 
 

    
 

     
        

 (19) 

 The estimates in (18) and (19) are sharps.  

    

Proof: 

From Definition 3.2,we get  

 
= 1

( 1) (2 )
(2 ) =

( 1 )

k

z k

k n

k
z D z a z

k

  








   
  

  
  

 
= 1

= ( ) ,k

k

k n

z k k a z




   (20) 

 where  

 
( ) (2 )

( ) = .
( 1 )

k
k

k





  


  
 

Since ( )k  is a decreasing function of k  we have 

  

 
( 1) (2 )

0 < ( ) ( 1) = ,
( 2 )

k
k k

k





   
   

  
 

 in view of Theorem 2.1, we have 

 

 
= 1

( )1 ( ) 1
( )[1 ( )]( | |)

1 ( )

m

k
k

k nk

ak l
k k ka

k l c


  





  
   

 
  

 

 1

= 1 1

( )( 1) 1
[1 ( 1)]( | | 1) | |,

1 ( )

m

k
k

k n k

ak l
k k a

l c


    




 

   
     

 
  

 

 
= 1

| |
.

( )( ) 1
[1 ( )]( | |)

1 ( )

k m
k n

k

k

k
ka

ak l
k k
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Using(21) we have 

 1
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| (2 ) ( ) | | | ( 1) | |kz k
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which prove the inequalities of Theorem 3.5. Finally, we can easily see that the results 

(18)and (19) are sharp for the function f  defined by  

1 | | ( 1) (2 )
( ) |= 1 .

(2 ) ( )( ) 1
[1 ( )]( | |) ( 2 )

1 ( )

k

z m

k

k

z k k
D f z z

ak l
k k k

l c


   

 
   



 
 

    
 

     
        

 

 

Many other work on analytic functions related to derivative operator and integral operator 

can be read in [16] ، [17]   and [18] . 
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