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SOME PROPERTIES OF CERTAIN SUBCLASSES OF p-VALENT
FUNCTIONS DEFINED BY A LINEAR DERIVATIVE OPERATOR
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ABSTRACT. In the present paper, we introduce new classes of p-valent functions defined
by using a generalized linear derivative operator with negative coefficients in the unit disk.
The results presented here include coefficient estimates, extreme points and distortion

properties for the aforementioned classes.
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1. DEFINITION AND PRELIMINARIES

Let A, denote the class of functions of the form :

f2)=2"+ Y a*,  (peN). (1.1)

:p—|—]_
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SOME PROPERTIES OF CERTAIN SUBCLASSES OF p-VALENT FUNCTIONS 67
which are analytic in the open unit disk U = {z : |z| < 1}. A function f € A, is called

p-valent starlike of order 4 and type v, if it satisfies
2f'(2) _
- P

TG
T tP— 2y

< B, (1.2)

where 0 < v < p, 0 < 8 <1andp € N. We denote by S*(p,~, ) the class of p-valent
starlike functions of order v and type 8. A function f € A, is called p-valent convex
functions of order § and type 7, if it satisfies
zf"(z) _
156 —P
zf"(2) _
1+ o) +p—2y

< B, (1.3)

where 0 < v < p, 0 < < 1and p € N. We denote by K(p,~, ) the class of p-valent
convex functions of order v and type .
From (1.2) and (1.3), we note that: f(z) € K(p,v, ) if, and only if,

% € S*(p,7, B).

The classes S*(p,v, ) and K(p,~, ) were considered by Aouf [2] and Hossen [3]. For
B =1, reduced to the class S*(p,v,1) = S*(p,~y) which was studied by Patil and Thakare
[4], and the class K(p,~,1) = K(p,~) given by Owa [5].

Let T, denote the subclass of A, consisting of functions of the form

f(z) =2 — Z apz”, (p € N). (1.4)

k=p+1

We denote by T*(p,~v,5) and C(p,~,[), the classes obtained by taking intersections,
respectively, of the classes S*(p,~, 5) and K (p,~, 5) with the class T,. Thus we have

T*(p,v,8) = S*(p,v,8) NI,
and

C(p,v,B8) = K(p,v,6)NT,.
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The classes T*(p,, 8) and C(p,~, ) were studied by Aouf [2] and Hossen [3]. In partic-
ular, the classes T*(p,vy,1) = T*(p,7v) and C(p,v,1) = C(p,~y) were introduced by Owa
[5]. Also the classes T%(1,7,1) = T*() and C(1,~,1) = C(v) were studied by Silverman
[6].

For functions f € A,, given by (1.1), and g given by

k=p+1

the Hadamard product(or convolution)of functions f and ¢ is defined by

(fx9)(2)=2"+ > abpz = (g% f)(2), (peN).

k=p+1

Now, () denotes the Pochhammer symbol (or the shifted factorial) defined by (z), =
1 for k=0,
r(z+1)(z+2)...(x+k—1) for keN={1,2,3,..}.

The authors in [1] have recently introduced a new generalized linear derivative operator

a,d LSS
D5°(p, q,7), as the following:

Definition 1.1. For f € A, , the linear operator Df,‘*‘s(,u, q,7) is defined by D;}"S(,u, q,7) :
A, = A, as:

DO“S(,U? qa’y =X + Z 1+ —)‘) (57 k)akzk> (15)

k= p+1

where A\, pu,q > 0, k,0,0 € Ng = {0,1,2...},

(k+3
and c(0,k) = 27 + 3707 ,F(J;Jr)(s)zk

Next we define the following new subclasses of p-valent functions as follows:
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Definition 1.2. Let f € T, be given by (1.4). Then f is said to be in the class

a,d . .
T4 (1,q,7, 8) if, and only if,

2Dy (ma) ) (z) »
D5 (11,4.7) f (2) <3
2Dy (1,a7)f)' (2) B ’
DS gy TP T2

where Dg"‘s(u,q,fy)f(z) is given by (1.5) and A\, pu,q > 0, k,0,a € Ng = {0,1,2...}, 0 <

y<p, 0<B<1andpé€e N.

Further, a function f € T, is said to be in the class C2°(u,q,v, ) if, and only if,

zf N
? < Tp 76(“7Q777ﬁ)'

We note that, by specializing the parameters «, d, u, A, 5 and p, we shall obtain the fol-

lowing subclasses which were studied by various authors:

1. For a = 8§ = =0 we get T°(0,q,7, 8) = T*(p, v, f), is the class of p-valent starlike
function of order v and type 5 which was studied by Aouf [2] and Hossen [3].

2. For o =6 =y =0 and p = 1, we have T"°(0, ¢, 7, ) = S*(v, 8), is the class of starlike

function of order v and type 8 which was studied by Gupta and Jain [7].

3. Fora =0 = p=0and § =1, we obtain the class T5°(0,¢,7,1) = T*(p, ), which was

introduced by Owa [5].

4. Fora=0=pu=0,p=1and =1 we obtain the class T}"°(0,¢,v,1) = T*(v), which

was studied by Silverman [6].

5. Fora=0=¢=0,u=1and p =1, we have the class Cf’o(l, 0,7,8) = C*(v,3), which

was studied by Gupta and Jain [7].

6. For a = d = ¢ = 0,u = 1, we have the class C)°(1,0,v,8) = C(p, 7, (), is the class of

p-valent convex function of order v and type /3, studied by Aouf [2] and Hossen [3].

7. Fora =6 = q¢=0,u = l,and 8 = 1, we have the class CS’O(L 0,7,1) = C(p,7), studied
by Owa [5].
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8. Fora=6=¢q=0u=1/3=1,and p =1, we obtain the class C"°(1,0,v,1) = C(v),

studied by Silverman [6].

2. COEFFICIENT ESTIMATES

Theorem 2.1. A function f belongs to the class T;"";(u,q,’y,ﬂ) if, and only if,

3 k k—p " T(k+6)
k;ﬂ (((k:—p) + B(k +p—2v))<];)“(1 + p+ZA) k!r((p++ g)akz ) <2B(p—7). (2.1)

Proof: Let the function f be in the class T;"‘S(u, q,7, 3). Then we have

oo ko k—p ¥ T(k+96) k
Z(Dzo;’&(ﬂvq,’Y)f)/(Z) . PP zk:P+1(k)(p) (1+p+q>‘) R (pF0) “kZ

= a = - P
Dy (1,a,7)f(2) p _ =3 1 (5) (1+I;TZ>‘)M kI;lsl(clj—f;)aka <3
(D5 (g f)' () fp—2y PP =332 oy (R)(R)o (14522 0" (AL ) 2k ey 9 =
D (1,97 £ (2) L =2V T(kt0) .k p Y

p+q R (p+o) tk
Since |Re(z)| < |z for all z, we have

> ol k— © T (k+6
Dt (k= p)(5) (L + 572N %akzk

R - —~ < B.
{ — (b= 29) () (1 + BN R gy 1 (2p — 29) }

(D5 (1,97 1) (2)
D (1a,7) f(2)

Choosing values of z on the real axis, so that = is real, and letting z — 17,

through real axis, we get

- k.. E—p " T'(k+6)
3 GG T e <
B (et =)+ S st 4 a2~ ),

k=p+1

which implies the assertion (2.1). Conversely, let the inequality (2.1) holds true, then

|2(D% (1, q,7) f) () — (D2 (1, q,7) f(2))] — B

)

|2(D& (1, 0,7)f) (2) + (p — 27) DS (1, 4,7) f(2)

N ko k—p " T(k+9)
kzp:ﬂ («k_pHﬂ(“p_m)(E) ST k!F(p+6)) —B(2p—2y) <0,

by the assumption. This implies that f € T (1, ¢, 7, ).
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Corollary 2.1. Let the function f be in the class Tpo"‘s(u,q,%ﬁ), then

ap < 2B(p — ) |
" (k= p) Bk -+ —20)(5) 0+ TN

The result (2.2) is sharp for the function f of the form

26(p — ) k
flz) =27~ .
= (k= p) + Blk+p — 29))(E)(1 + A T

71

(2.2)

By using the same arguments as in the proof of Theorem 2.1, we can establish the next

theorem.

Theorem 2.2. A function f belongs to the subclass Cg"s(u,q,%ﬂ), if, and only if,

Y Fragy  k—p " T(k+0
k;ﬂ (k[(k—p)+ﬁ(k+p—27)](§) (1+p+§ ) klé(p+§)akzk) < Bplp— ),

Corollary 2.2. Let the function f be in the class C3°(p, q,7, ). Then

o < 28p(p — )
T R[(k—p) + Bk +p—29)](5)*(1 + LN ek
with equality only for functions of the form
28p(p — ) k

fz)=2" -

zZ.

Bl(k = p) + Bk +p = 29)]()*(1+ 5250 gy
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3. DISTORTION PROPERTIES

In this section, we obtain distortion bounds for the classes TI?"S(/L, q,7, ) and C;";(,u, 4,7, ).

Theorem 3.1. If f € T;"s(u,q,’y,ﬁ), then

28(p —7) 1
[f(2)] =P = Pt (3.1)
(1+B(1+2p = 29) (B (1+ 22 iy

26(p — ,}/) p+1 (32>

< rp + T
S 1 i T(p+1+9) ’
(1+8(1+2p— 27))(]0 )*(1+ p_+q) (p+f)!r(p+5)

and

28(p—y)(p+1) i (3.3)
(1+B(1+2p = 29) (B (1+ 20 bty

[f'(2)] = pro" =

28(p —)(p+1) . (3.4)
(14 B(1+2p — 29))(BL)2 (1 + 2oy B tds

for z € U.The estimates for |f(z)| and |f'(2)| are sharp.

<plzfPt +

Proof: Since f € Tzf"‘s(u, q,7, ), and in view of inequality (2.1) of Theorem 2.1, we have

o0

_ p+1., A M Tp+1490)
(8042 =0 ) ey Ty 2 o S
N kiagy E—p W T(k+0)
> (= a0k p -2+ T2 T DL 0at) < 20 - )
or
28(p — )
a < m . (3.5)
;;H (1+ B(1+2p — 29)) (B ) (1 + 2) btds
Since
PP — Pl Z ar, < |f(2)] < 7P 4Pt Z ag, (3.6)
k=p+1 k=p+1

on using (3.5) and (3.6), we easily arrive at the desired results of (3.2) and (3.1). Fur-

thermore, we observe that
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PP =+ ) Y a < PRI < et DY a, (3.7)
k=p+1 k=p+1

On using (3.5) and (3.7), we easily arrive at the desired results of (3.3) and (3.4). Finally,
we can see that the estimates for | f(2)| and |f’(z)| are sharp for the function,

26(p — )

A B T(p+1+9)
L+ A +2p = 2))(1+ 32) G

f2) =2 =

Similarly, we can prove the following theorem.

Theorem 3.2. If f € C’g"(s(u,q,%ﬁ), then

2Bp(p — ) 1

.
T é
(p+ D1+ B(1+2p — 29)] (B (1 + 2.) ot

[f() =" =

28p(p — ) 1

.
o T 5 ’
(p+ D1+ B(1+2p — 29)](E) (1 + 2) ity

< 7P 4

and

26p(p —7)(p+1)

+1\qo A M T(p+1+9)
[1+B8(1+2p—27)](57)*(1+ 335) Ginrmrs

[f'(2)] = prit - rP

26p(p —7)(p+1) P
o T 5 ’
(p+ D1+ B +2p — 2] (B (1 + 2) oy

for z € U.The estimates for |f(z)| and |f'(2)| are sharp.

< prP 4

4. EXTREME POINTS

Theorem 4.1. Let f,(z) = 2P and,

28(p —7) k

_ 1 Z
(k= p) + Bk +p — 29))(5)(1 + L2 0"

fr(z) = 2" —

Then f is in the class Tpo"‘s(u, q,7,B), if ,and only if, it can be expressed in the form

F(2) = wifu(2),
k=0
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where
we>0,) wp=1 (4.1)
k=0
Proof: Let f(z) = > " wkfi(2)
26(p — ) k
f(z)=2"— :
O o 1 B+ 9 — o) (Be(1 + Ty Tl 2

Then, in view of (4.1), it follows that

o _ H
= (k= p) + Bk +p = 20) (1) + SN FGE

pt+q
k:ZpH 28(p =)
28(p — ) } =
w = wr=1—w; <1.
{«k—m+ﬁ@+p—2wx9%1+%3MW5%3)k ;;k 1

Thus f € T (11, 4,7, B)-

Conversely, assume that a function f defined by (1.4) belongs to class T;"‘s(u,q,”y, B).
Then

o < 26(p — )

= _ 7 .
(k= p) + Bk +p —29))(5)(1 + L2 0"

We set
a — M
(k= p) + Bk +p—27)(5)*(1 + E2N" 7,

p+q

26(p —~) ’

Wk =

and wy, = 1 — > 77, wy. Then we have f(z) = Y oo, wipfi(2), and hence completes the

proof.

Similarly, we can prove the following result:

Theorem 4.2. Let f,(z) = 2P and,

28p(p — ) K

Z .
K[(k = p) + Bk + p — 29)](£)o(1 + L) T

fr(z) = 2" —
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Then f is in the class C’Z‘f"‘s(p, 4,7, 8., if, and only if, it can be expressed in the form

f(z) = Zwkfk(z)>

where

(e.)
Wi = O,Zwk = 1.
k=0

Many other work on p-valent functions related to derivative operator and integral operator

can be read in [8]-[10] and [11], respectively.

Acknowledgement The work here is supported by MOHE: UKM-ST-06-FRGS0244-
2010.

REFERENCES

[1] N.Mustafa and M. Darus, Differential subordination and superordination for new
linear derivative operator. Int. J. Pure and Appl. Math.70(6) (2011), 825-835.

[2] M. K. Aouf, A generalization of multivalent functions with negative coefficients, J.
Korean Math. Soc. 25(1)(1988), 53-66.

[3] H. M. Hossen, Quasi-Hadamard product of certain p-valent functions, Demonstration
Math. 33(2)(2000), 277-281.

[4] D. A. Partil and N. K. Thakare, On convex hulls and extreme points of p-valent star-
like and convex classes with applications, Bull. Math. Soc. Sci. Math. R. S. Roumanie
(N. S.), 27(75)(1983), 145-160.

[5] S. Owa, On certain classes of p-valent functions with negative coefficients, Bull. Belg.
Math. Soc. Simon Stevin, 59(1985), 385-402.

[6] H. Silverman, Univalent functions with negative coefficients, Proc. Amer. Math. Soc.
51(1975), 109-116.

[7] V. P. Gupta and P. K. Jain, Certain classes of univalent functions with negative
coefficients, Bull. Austral. Math. Soc.14(1976), 409-416.

[8] F. Ghanim and M. Darus, On certain subclasses of multivalent starlike functions.

Int. J. Pure Appl. Math. 60(3) (2010), 299-310.


https://www.researchgate.net/publication/268067395_On_certain_subclass_of_multivalent_starlike_functions?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/268067395_On_certain_subclass_of_multivalent_starlike_functions?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/26535209_A_Generalization_of_Multivalent_Functions_With_Negative_Coefficients?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/26535209_A_Generalization_of_Multivalent_Functions_With_Negative_Coefficients?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/289906729_A_note_on_integral_operators_of_p-valent_functions?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/266435984_Quasi-Hadamard_product_of_certain_p-valent_functions?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/266435984_Quasi-Hadamard_product_of_certain_p-valent_functions?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/281673914_Differential_subordination_and_superordination_for_a_new_linear_derivative_operator?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/281673914_Differential_subordination_and_superordination_for_a_new_linear_derivative_operator?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/267003004_Some_results_of_-valent_meromorphic_functions_defined_by_a_linear_operator?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/231886507_Certain_classes_of_univalent_functions_with_negative_coefficients?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/231886507_Certain_classes_of_univalent_functions_with_negative_coefficients?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/246998672_On_certain_classes_of_p-valent_functions_with_negative_coefficients?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/246998672_On_certain_classes_of_p-valent_functions_with_negative_coefficients?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/240051436_Integral_means_for_univalent_functions_with_negative_coefficients?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/240051436_Integral_means_for_univalent_functions_with_negative_coefficients?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==

76 N. M. MUSTAFA AND M. DARUS*
[9] F. Ghanim and M. Darus, New subclass of multivalent hypergeometric meromorphic
functions. Int. J. Pure Appl. Math. 61(3)(2010), 269-280.
[10] F. Ghanim and M. Darus, Some results of p-valent meromorphic functions defined
by a linear operator, Far East J. Math. Sci. (FJMS), 44(2) (2010), 155-165.
[11] A. Mohammed, M. Darus, D. Breaz, B.A. Frasin, A note on integral operators of
p-valent functions, Proc. Pakistan Academy of Sciences, 47(4) (2010), 227-235.


https://www.researchgate.net/publication/289906729_A_note_on_integral_operators_of_p-valent_functions?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/289906729_A_note_on_integral_operators_of_p-valent_functions?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/266909618_New_subclass_of_multivalent_hypergeometric_meromorphic_functions?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/266909618_New_subclass_of_multivalent_hypergeometric_meromorphic_functions?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/267003004_Some_results_of_-valent_meromorphic_functions_defined_by_a_linear_operator?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/267003004_Some_results_of_-valent_meromorphic_functions_defined_by_a_linear_operator?el=1_x_8&enrichId=rgreq-841eb460c1010540385db10c3b5a1fe4-XXX&enrichSource=Y292ZXJQYWdlOzI3Nzk4NjU0OTtBUzoyNjEwNTU4MTMyNTUxNjhAMTQzOTI1MTk2NDY1Nw==
https://www.researchgate.net/publication/277986549




