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ON THE FEKETE-SZEGO PROBLEM FOR SUBCLASSES OF
ANALYTIC FUNCTIONS DEFINED BY LINEAR DERIVATIVE
OPERATOR

Nagat M. Mustafa and Maslina Darus

Abstract

In applying a generalized linear derivative operator D®%(m, g, \), a
new subclass of analytic functions denoted by S®%(m, ¢, A, ¢), is introduced.
For this class, sharp bounds for the Fekete- Szegd functional |az — pa3|
are obtained. Also we give applications of our results to certain functions
defined through convolution (or Hadamard product) and in particular,
we consider a class of functions defined by fractional derivatives. The
aim of this paper is to generalize the Fekete-Szego inequalities given by
Srivastava and Mishra [5].

1 Introduction

Let A denote the class of all analytic functions in the open unit disk U = {z €
C : |z| < 1} of the form

f(z) = z+2akzk. (1.1)

Let S be the subclass of A consisting of univalent functions. For two analytic
functions f(z) = z + > o, ax2® and g(2) = 2z + Y o, bi2", their convolution
(or Hadamard product) is defined by

(f * g)(z) =2z 4+ Zakbkzk
k=2



N.M. Mustafa and M. Darus - On The Fekete-Szego Problem...

In order to derive our new linear derivative operator, we define the analytic
function

« a k— k
2,4, V) (2) —z+k§2jk TN
where A\, m,qg € R ;A\, m,q > 0.

Now,we introduce the new linear derivative operator as the following:

Definition 1.1 For f € A the linear operator D*°(m, q, \) is defined by
D*%(m,q,\): A— A as

D*(m, q,\) = ¢*(m, ¢, \) *x R°, (2 €U), (1.2)

where k,§ € Ng = {0,1,2...}, and R? denote the Ruscheweyh derivative operator
and given by

— Z (6, k)arz®  for k8 € Ny, (z €U),
k=2

where ¢(d, k) = (J(J{)l%.

If f is given by (1.1), then we can easily find from the equality (1.2) that
D (m,q,\) = z + Z k(1 + —)\) (0, k)apz", (1.3)

where () denotes the Pochhammer symbol (or the shifted factorial) defined
by

(2) _{1 for k=0, € C—{0},

rz+)(z+2)...(x+k—1) for keN=1,23,..and z€C.
Special cases of this operator listed as the following:
e D%"(0,q,\) = R" [13] is the Ruscheweyh derivative operator.

o D%"(11,0,\) =for ,(m € Ny =0,1,2,...), R} [8] is the generalized Ruscheweyh
derivative operator.

e D®0(0,¢q,\) = D}°(m,0,1) = S” [4] is the Salagean derivative operator.
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e D%%(m, 0, \) =S¥ [3] is the generalized Salagean derivative operator introduced
by Al-Oboudi.

e D%(m,0,\) = D? [9] is the generalized Al-Shaqgsi and Darus derivative
operator.

o DY(n,\ 1) = Li(n,\),(n € Z), [5] is the operator investigated by Cho and
Srivastava and also Cho and Kim [12].

Let ¢(z) be an analytic function with positive real part on U with ¢(0) =

1, ¢(0) > 0 which maps the open unit disc onto a region starlike with
respect to 1 and is symmetric with respect to the real axis.

Let S*(¢) be the class of functions f € S for which

2f'(z)
o o, (el
and let C'(¢) be the class of functions f € S for which
2f"(2)
1+ ) < ¢(z), (z € ).

These classes were introduced and studied by Ma and Minda [15]. In the
present paper, we obtain the Fekete-Szego inequality for functions in a more
general class defined as follows:

Definition 1.2 Let ¢(z) be a univalent starlike function with respect to 1
which maps the unit disk U onto a region in the right half plane which is
symmetric with respect to the real axis, ¢p(0) = 1, ¢'(0) > 0. A function
f € Ais in the class S“°(m,q, \, @), if

2(D*(m, g, \) f(2))
D (m, q, M) f(2)

< é(2),

2 The Fekete-Szego problem

In this section, we will give some upper bounds for the Fekete-Szego functional
|az — paj).

In order to prove our result, we have to recall the following lemmas:
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Lemma 2.1 [15] If p1(2) = 1 + c12 + 22 + ... is an analytic function with
positive real part in U, then

—4v+2 if v <0,
lcg —vct| < (2 if 0<wv<l,
dv 42 if v > 1
When v < 0 or v > 1, the equality holds if and only if p;(z) is %, or one

of its rotations. If 0 < v < 1, then the equality holds if and only if p;(2) is
(1+27)
(==

or one of its rotations. If v = 0, the equality holds if and only if

1 1 1+ 2z 1 1 1—=z2
=4+ =aq)]—=+(=-2= 0<axl
() (2 2a) 1—2 (2 2a) 142’ (0<a )

or one of its rotations. If v = 1, the equality holds if and only if p;(z) is the

reciprocal of one of the functions such that the equality holds in the case of
v = 0. Also the above upper bound is sharp, and it can be improved as follows
when 0 < v < 1:

9 1
lca — vei| + vl ] <2, (0<’U§§),
and |
lco — v + (1 —v)|e| <2, (§<v§1).

Lemma 2.2 [15] If p1(2) = 1 + c12 + 22 + ... is an analytic function with
positive real part in U, then

lco — vc?| < 2max{1, |20 — 1]}.
The result is sharp for the function

(1+2)
(1-2)

pi(z) =
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Theorem 2.1 Let ¢(z) = 1+ Byz + Byz? + ... If f be given by (1.1) and
belongs to the class S*°(m,q, \, ¢). Then,
|as — pa3| <

B2(14+q™ By(1+g)™ pB3(1+q)™

3“(5—1—1)(5—1—2)(1;&—1(1—1—2)\)”1 + 396+ 1)(0+2)(1+g+20)™ — 220(6+1)2(1+g+N)™ if p< o,
3a(5+lﬁ§§§§%§”tz/\)m By(1+q)™ + uB3(14q)™ if0~1 sneo
TRy FEeI(taayT T meeiiiraye W H S 02
Where
o — 2°(6+1)(1+ ¢+ N)?*™[By — By + Bj]
3B 1+ q¢)™1+q+2))m(6+2) ’
Y — 2°(0 4+ 1)(1 4+ ¢+ N?*™[By + By + Bj]

3*B#(1+q)™(1+q+20)™(6 +2)

The result is sharp

Proof: For f € S“°(m,q, \, ¢), let

2(D*(m, g, \) f(2))

= =1+5b boz? 4 - - . 2.1
MO = D e TR 2
From (2.1), we obtain
(14+qg+N)"
24§ + 1)L — by,
( _I_ ) (1 + q)m a2 1
and
(I+qg+220)™ (I+qg+N)™
0+ 10+ 2)——————a3=by + 0120 + 1) ————a..
( )( ) (1 +q)m a3 2 1 ( ) (1 —|—q)m a2
Since ¢(z) is univalent and p < ¢(z), the function
L+¢7'(2) 2
pi(z) = T_l(z) =1l+caz+ez"+--,
is analytic and has positive real part in U . Thus we have
z)—1
p(e) = oL 1) (2.2
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and from this equation (2.2), we obtain

1
bl = 531012,

and | |
bg = 531(02 — 50%)22.

Therefore we have
(B3} 4 2Bi[ca — 5¢i] + Bac?) (1 + q)™]
4B+ D)0+ 2) (1 + g+ 2™
B pBict(1+¢*™)
22(a+1)(5_|_ 1)2(1 _|_q_|_ )\)2m’

2
as — pay =

Bi(1+q)™
3)(0 + 1)(0 + 2)(1 + g+ 2\)™

{62 e (1 {1 g B 3‘“(1+q)m(5+2)(1+q+2)\)m})} |

ag—,uagz(

2 B, T Dl rqram
. _,ua2: Bl(l+q)m [Cg—’UCz]
T3+ 1) (0 +2)(1+ g+ 20 o
where 1 B 3*(1 Ho+4+2)(1 2\
1+ + +q+2\)"
oo lp g B B G D0 g,
2 By 2220+ 1)(14+qg+ A\)™
If u < o1, then by applying Lemma 2.1, we get
Bi(1+q)™ By(1+q)"

— 2: —
95 = 10) = B TG+ D0 T g2 | FE D021 1 gt D"

pBi (14 q)"
2005+ 1)2(1+q+ N

if o1 < p < 09, we get

Bi(1+q)™
S+ 1)(6+2)(1 +q+20)m

J— 2 —
s — ] = g
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Similarly, if p < 05, we get

o _ Bi(l+q)" By(1+¢)"
|as—pas| = — — -
320+ 1)(0+2) A +g+20)™ 320+ 1)(0+2)(1+q+2))

pBi(1+q)"
2220+ 1)2(1+ g+ N
If i = o1, then equality holds if and only if

1 1 142 1 1 1—2z
S T (=== 0<a<xl,zel).
() (2 2a) 1—2z (2 2a) 142’ (0<a - )

or one of its rotations. Also, if u = o9, then

1 By 3%(1+q)"(6+2)(1+q+2\)™
Ly gy B FUL0G g e
2 B, P+ (L + g+ 0"
Therefore,
1 1 1 \1+z (1 1\1-z
_ (L1 - - 0<a<lzel)
(%) (2+2a)1—z+(2 2“)1+z’ (0sa<lzel)

Remark 2.1 For ¢=0, m=1 and o« =0 in Theorem 2.1, we get the
results obtained by Al-Shaqsi and Darus [7]

Remark 2.2 If oy < pu < 09, then in view of Lemma 2.1, Theorem 2.1 can be
improved. Let o3 be given by

L 2°(00+ 1)(L+ g+ N)"[By + BY]
3*B(1+q)™(1+q+20)"(6 +2)’

03

If the value 01 < p < o3, then
2406+ 1)(1+ g+ N
3*Bi(1+ q)™(1+ g+ 2))™ (6 + 2)
(3*Bf(14+q)™(1+q+2N)"(04+2)+ (0 4+ 1)(1 4+ ¢+ N)*™B7)
2900+ 1)(1 + g+ N)?2m

|as — pas] +

By — By + lag|? <
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Bi(1+q)™
36+ 1)(6 + 2)(1 + g+ 2\)™"

If the value o9 < p < o3, then

2406+ 1)(1+ g+ M)
3*B(1+q)™(1+q+2))™(6 +2)

|as — pas] +

By + By —

(3*B2(1+q¢)™(1 4+ q+2N)™(6 +2) + (6 + 1)(1 + g + \)?*™B3)

200+ 1)(1+ g+ A)?™

Bi(1+q)™
36+ 1)(6 + 2)(1 + g+ 2A)™

Proof. For the values of 07 < p < o3, we have
|as — pa3] + (p — o1)|as|?
_ Bi(1+q)™
239+ 1)(0+2)(1 4+ g+ 2X\)™

(i — o) Bi(1+q¢)"
MR+ 12(1 4 g + A)?m

B Bi(1+q)™
203 (5 + 1)(6 +2)(1 + g+ 2\)™

B 2400+ 1)(1 + ¢+ \)*™[B1 — By + B?

[co — vA3]+

|01|2

[co — vei]+

B} (1+q)*"

(u 3*Bi1+q)™(1+q+20)™(6 4 2) )22<a+1>(5 +1)2(1+q+ A)>*m
B Bi(1+¢)" 1 o — 02|+ vled 2
T (3964 1)(6 +2)(1 + g+ 2\)™ {2“ 2 i+ vle] ]}
Bi(1+q)™

< .
T B0+ 10 +2)(1+g+ 2™
Similarly, if oo < p < 03, we can write
|az — paz| + (o2 — p)]az|”

Bi(1+q)™

RS R Y E ) verl+
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(02— 1) Bi(1+¢)*"
>R (5 1) (1 + g+ N)?m
_ Bi(1+¢)"
2(3%)(6 + 1)(0 + 2)(1 + g + 2\)™
200+ D)1 +q+N?*"[Bi+ By + Bf] ) Bi(1+q)*™
39B(1 4+ q)™(1 + g+ 20)™(0 + 2) H 2200+ (§ + 1)2(1 + ¢+ \)?*m
Bi(1+¢)"

1 2 2
R PTG {5“02 —val vl ]}

< Bi(1+q)™
B+ 1)(0+2)(1 4 g+ 20)™

|01|2

[co — vE3]+

|01|2

(

Theorem 2.2 Let ¢(z) = 1+ Bz + Bez*+ -+ . If f be given by (1.1) and
belongs to the class S®°(m,q, \, ¢). For a complex number p we have:,

Bi(1+¢q)™

|az — paj| < (3)(F+1)(6 +2)(1 + g+ 2\)™

By A+ )"0 +2)(L+qg+20)™
A = N T R

3 Applications of fractional derivatives

For fixed g € A, let S%%9(m, q, \, ¢), be the class of functions f € A for which
(f xg) € S*(m,q,\,¢). In order to introduce the class S“%7(m, q, A, ¢), we
need the following:

Definition 3.1 [6] Let f(z) be analytic in a simply connected region of the z-
plane containing the origin. The fractional derivative of f of order~y is defined

by
__ L d [ 9
D= S ), o 07D,

where the multiplicity of (z — ()Y is removed by requiring that log(z — () is

real for z — ( > 0 Using the above Definition 3.1 and its known extensions

9
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wmwvolving fractional derivatives and fractional integrals, Owa and Srivastava
[14] introduced the operator Q7 : A — A defined by

Wf(z) =T(2-7)2"D1f(2) (v#23,4--).

The class S“%(m, q, \, ¢), consists of functions f € A for which Q7 € S*°(m,q, \, ¢).
Note that S*%Y(m,q, \, @), is the special case of the class S“*9(m,q, \, ¢).
when

“TE+1DI(2—-9) ,
9@ ==+ Tht1—7)

k=2
g(z) =z + ngzk
k=2

Since D“(m,q,\) € S*9(m,q, \) if and only if D*(m, q, \f(2)) * g(z) €
S%%(m, q, \, ¢). We obtain the coefficient estimate for functions in the class
S%9(m, q, \, ), from the corresponding estimate for functions in the class
S%%9(m, q, \). Applying Theorem 2.1 for the function

oo o 1 m
D (m, e, \) % g(z) = 2z + Z k(1 + liTq)\) (0, k) grarz”.

k=2

we get the following Theorem 3.1 after an obvious change of the parameter p

Theorem 3.1 Let g(2) = 2+ poy 2", (gr > 0) and ¢(z) = 1+ B1z+By2*+
oo IfD*°(m, q, \, ¢) be given by (1.8) and belongs to the class S“%9(m, q, \, ¢),
then

jas — pa| <

1 B2(1+q)™

Ba(14q)™ 1g3BE (1+q)™ :
93 | 32(0+1)(6+2) (1+g+20)™ + 3a(5+1)(§+2)(1+q+2A)m - g%22a(5+11)2(1+q+)\)m:| if <o,
1 Bi(14+q)™ .
93 3a(5+1)(§+2)?1+q+2,\)m ifor < p = oy,
1 B (14+q)™ By(1+q)™ g3pBE (14+9)™ ~
| FEmenGaDyT — Feneitamyr T g%22a(5+11)2(1+q+)\)m:| if p<o
Where

93204+ 1)(1+q+ \)?"[B1 — By + B}]

@3B+l +qg+20)m(5+2)

932*(0 + 1)(1 + ¢ + A\)*™[B1 + By + Bj]
33°B2(1 + q¢)™(1 4+ q + 2\)™(d + 2)

09 =

The result is sharp.
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Since
Dm0 =5+ F(llj(Jl; S ;>7) LS %A)mcw’ Bl
We have
_TEr2—» 2
PTTTE) T 2-q)
Lol@re—y)

I'(4—7) 2-7@B-7)

For g, and g3 given by the above equalities, Theorem 3.1 reduces to the
following.

Theorem 3.2 Let g(2) = 2+ ooy g2, (gx > 0) and ¢(z) = 1+ B1z+ Baz?+
o If D% (m, q, \, @) be given by (1.3) and belongs to the class S9(m, q, \, ¢),
then |az — pa?] <

(2= (B—) Bi(1+q™ By(l4+q)™ 13(2—~)B2(1+q)™ )
o [3“<5+1)<§+2)(1+q+2k)m + 3a(6+1)(§+2)?1+q+2A)m o 2(3—w)22a(6+11)2(1+q+A)m} if pso
2—7)(3—) Bi(1+q)™ .
. 6 . 3a(5+1)(§+2)(ql+q+2,\)m ifor <> oy
2-7)(8—) Bi(1+q)™ By(14+q)™ 3(2—7)uB2(1+q)™ .
T TR (Tt 3a(5+1)(§+2)?1+q+2>\)m + 2(3_7)22a(5+11)2(1+q“)m} if p <o,
Where
ot (3=7)2%(0 4+ 1)(1 4+ ¢+ N\)?™[By — By + Bf]
LT 32— )39BX 1+ q)"(1+q+ 20" (6 +2)
” (3—=7)2%(0 + 1)(1 + ¢+ N)*"[Bi + By + Bf]
2 pu—

3(2—=7)3*B2(14+q¢)™(1+q+2N)"(6 +2)
The result is sharp.

Remark 3.1 When A =0, 6=0, m=0, B = 7%, and By, = 28

3n2
the above Theorem 3.2 reduces to a recent result of Srivastava and Mishra
([5], Theorem 8, p.64) for a class of functions for which Q7 f(z) is a parabolic

starlike function [1].

Note that other work related to generalized differential operators can be found
in ([2] and [10]).

Acknowledgement: This work is partially supported by UKM-ST-06-FRGS0244-
2010, MOHE Malaysia.
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