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Abstract— In this work, the authors defined a certain classes of Bazilevic functions using
generalized derivative operator. Having the analytic function, we discuss here some
conditions for f to be starlike of order £ in U. Several other results.
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INTRODUCTION

Let A denote the class of functions f of the form

f(z)=z+>az", (zel) ,
k=2
which are analytic in the open unitdisk U={z €C :|z |<1}.
. . - 0 k
Let be given two functions f,geA,f(z)=z2 +Zk:2akz and
9(z)=z+>bz", (z €U), then their Hadamard product f (z)*g(z) is
k =2

defined by

(f *g)(z)=2 +Yabz*, ().

k=2

For several functions f,(z),...,f,(z) €A, we can write in the form
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f@)e @) =2+ (ay.a,)2%, (@ cl).

Let, (X ), denotes the Pochhammer symbol defined by

_ 1 for k=0,
) = {x (X +1)(X +2)...(x +k =1)  for k eN={1,2,3,..}.

The authors in [14] have recently introduced a new generalized derivative operator

I ™ (4, 4, 1,n)f (z) as the following:

Definition 1.1

For f €A theoperator | " (4, 4,,1,n) isdefinedby 1" (4,4,l1,n):A —>A
and let

_1+l-A4 2 A z
#e):= 14l 1-7 1+ (1-2)*’

and
= k,,.% % Z—
=402, 40 |
Let also
(z)=01-4) z + 1, z
v 1-z *(1-z)*
and
l//(Z)*l//_l(Z)=é=z+Zakzk,
let

F@)=y (@) *..xy (2)*f (2).

(m)—times

Thus we have

" (A, 4,1 ) (2) = Fi(2) *Fy(2)

)

c(n,k)a,z",
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where n,meN;={0,1,2,..}, and
(n +1)k—1 .
(1)k—l

Special cases of this operator includes:
o the Ruscheweyh derivative operator [1] in the cases:

11(4,0,1,n)=1%(4,0,0,n) =1%(0,0,1,n) =1°(0, 4,,0,n)

A, 2420,1>0,c(n,k)=

=1°(0,0,0,n) =1™%(0,0,1,n)=1""(0,0,0,n)=R",
e the Sd 14 gean derivative operator [2]:
I m+l(1,0,0,0) =S",
o the generalized Ruscheweyh derivative operator [3]:
| 2(/11,O,O,n) =R7,
e the generalized Sd 13 gean derivative operator introduced by Al-Oboudi [4]:
I m+l(ﬂl,O,O,O) =S7,
o the generalized Al-Shagsi and Darus derivative operator[5]:
| "™(4,0,0,n)=D"
o the Al-Abbadi and Darus generalized derivative operator [6]:

" (A 20, 0,0) = 47

1,07

and finally

o the Catas derivative operator [7]:

1™ (4,0,1,n) =1 (4, A,1).

Using simple computation one obtains the next result.

(I +D1™ (A, A, L m)F (2) = (L1 =) 7 (A A, L) * 0" (4, 4, D@ (2) +

AZ[(17" (A A, 1 n)* @' (A, A, 1)@,
where (z € U) and ¢'(4,4,,1)(z) analytic function given by

o0

@' (A A, 1)2) =2 + Z_;l ﬂ?(k ) z".

Many other work on analytic functions related to derivative operator and integral

operator can be read in [15,16,17,18]. There are times, functions are associated with linear
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operators and create new classes (see for example [9]). Many results are considered with

numerous properties are solved and obtained.

Definition 1.2
A function f belongingto A is said to be in the class S (&) in U if it satisfies

m{w}m (z D),
@)

forsome 0<a <1.

Definition 1.3
A function f belonging to A is said to be in the class C («¢) in U if it satisfies

ﬁn{u fo ,'(EZ))} >a (zel),

forsome 0<a <1.
We note that f €C («) ifand only if zf '(z) €S ().

Definition 1.4
In [8], for functions f € A suchthatv >0,

*R{Z: éz)) (fi_z)jv}>0 (z €UV >0),

a class of Bazilevic type functions B" was considered and certain properties were studied.

Definition 1.5
In [9], for functions f € A suchthatv >0,

ER{zf xz)(mj“ _a}ZM
f(z) z

a class M-uniformly Bazilevic type functions UB,, (&) was considered and studied.

zf ’(z)(ﬂ
f(z) z

) #,v (z eU,M >0,0< <1),

Note that V. = O gives the subclass M-uniformly starlike US (cx)

ER{zf '(Z)—a}zm z7f ')
f(z)

f@2)

].‘, (z €.
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Now we define a subclass UBy," (4, 4,,1,n,&) involving our new generalized
derivative operator (2) as follows:

gp) 20" (A A L m)F @] (17 (A, A, 1 0)F (2) V_a
1™ (A4, 4,1, n)f (2) z

WL (RGP R <z>]'(|m<ﬂl,z?,l,n)f (Z)) ,‘ e
1™ (A, A, 1,0 (2) z
We see that
UB),"(4,,0,1,0,a) =UB}, (),
UB'(4,0,1,n,a) =R, (a,M),
see [10, 11].

Also, we have

UB(4,0,1,n,0)=R, (0,M),
see [12, 13].

1 Coefficient Bounds

Theorem 2.1 A sufficient condition for a function f of the form (1) to be in the class

UB," (4, 4,1,n,a) is

1+M
l-a

ml+ikskm(xl,z?,|,n)|ak |)V +1}1,

where
B (4, 4,,1,n) = A+ A4k =1)+1)™

T (@D A+ A, (k —1)"
forn,meN,={0,1,2,..}, and 4,24, 20,1 20.

c(n,k),

Proof:
It suffices to show that

M

1™ (A 2o, L0 (2) 2

201" (2.1 ) (z)](l " Gy gl ) (z)]“ _4
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g 20" A L @Y (1M @)
1™ (A 2, 0)F (2) z T

Let Z —>1, we get

M

1" (A 2o, L0 (2) 2

2017 (G 2y | ) (z)](l "ol (z)]“ _4

20" G @O (1A L) @)
1™ (A4, A, 1 n)f (2) z

<(1+M)

2(1" Gy 2o, L E @) (17 G 2 L0 @)
Im(/ll,ﬂz,l,n)f (z) z

< @M1 G A ) @) (17 (s A0 @) 1

<(1+M)

(1+ik3;n(21,,12,|,n)ak ][1+i|3km(/11122,|,n)ak jv_ _1‘

<(1+M)

(1+ SKB! (o, 2,112, j —4

<(1+M)

[1+ikBkm(ﬂi,ﬂz,l,n)|ak |]V .

This last expression is bounded above by 1— ¢ if

[1+M }Khikw‘(ﬂl,ﬂ?,l,nﬂak |]V +1}S1,

l-«

where

1+ A4,k =1)+1)"*
(@)™ 1+ A (k -1)"

This ends the proof.

Next, we find the coefficient bounds for the class

B\ (4, 4,,1,n):= c(n,k).
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NUB!,"™ (4, 4,,1,n,a):=UB," (4, 4,1,n,a) "N,
where N is the class of analytic functions takes the form

f@)=2-Yla 12" (D)

=z->b:z*, (ze).
k=2

Theorem 2.2 A sufficient condition for a function
f(z)=z2->hz", (z ),
k=2
to be in the class NUB,," (4, 4,,1,n, ) is

[1+M }{(1_§B£n(gl,ﬂz,|,n)bk j +1}g1,

-«

where

m — A+ Ak -+
Bk (2‘1’/1?"1”)'_ (1+|)m71(1+ﬂ,2(k _1))m
forn,meN,={0,1,2,..}, and 4, >4 20,1 >0.

c(n,k),

Proof: We have

a+M)

(1—ik|3k"“(ﬂ1,ﬂ?,|,n)bkj(l—inm(ﬂM@l,n)bk j —4

<(1+M) [1—528,[“(21,22,I,n)bk j —4
+1].
+l]sl,

<(1+M){ 1—200:8;“(/11,12,I,n)bkjv

The last expression is bounded above by 1—« if

1+M ° v
L_a }[(1;59» (ﬂl,ﬂ?,l,n)bkj

where
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A+ A4k =1)+H)™
QA+ 1+ A4,k =1)"

B, (4, 4,,1,n):= c(n,k).

This ends the proof.

CONCLUSION
The main impact of this research work is to motivate to construct new classes Bazilevic
functions belonging the disk U and study their various properties.
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