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On The Existence of A Unique Solution for Systems of Nonlinear
Ordinary Differential Equations of Order m
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Abstract

In this paper, a theorem for local existence of a unique solution for a system of nonlinear
ordinary differential equations ( NODE ) of order m has been stated and proved. The proof
was done using contractive mapping theorem in a metric space subset of the Banach space

consisting of the bounded differentiable functions on the real numbers and equipped with a
Bielescki's type norm. As an application of the theory, an example has been given.

Index Terms : Banach space of bounded functions, Bielescki's type norm, Existence of a
unique solution globally, System of nonlinear ordinary differential equations of order m.

I. INTRODUCTION
A theorem for the existence of a unique solution for nonlinear ordinary differential
equations of order m was proved by A. A. Bojeldain [1], and a theorem for the existence of
a unique solution for a system of nonlinear ordinary differential equations of the first order
was proved by A. A. Bojeldain and S. E. Muhammed [2].

In this paper we study the system of nonlinear ordinary differential equations of
order m having the general form:

XMy = FeX(e XX 0, L X0 (1)
with the initial conditions,
¥P@=c,j=012,.m-1, X¥9@) =X =c" (2)

where m is a finite positive integer, t = a is a finite real number, and



VAl i,

University of Benghazi Oolxiy dzaly
A~ C ~af1- a1 ™ . .
Faculty of Education Almarj asall — gyl &l2
Global Libyan Journa/ ISSN 2518-5845
Global Libyan Journal Sgallell dg il &lyall
2020 | Jossl [ r9zssils Bolall nuell
'”“: ®
- . () ;
X7 = '”‘- {t:] ' 3)
| lrr.:l )
°t
cl= o) forj=10,12...m—1 nis afinite positive integer, 4)
E"i.

A(LX(E)LXE. X, Xm0 )
: " gm0 A(LX(ELXE.X @, ... x™ 0
Flex(DX©X @ X"20) =1 £(6X(6), X0, X O, x"0@) |, ©)

‘ . . ) f(t X)X X {t:]ﬂwxim—ﬂ{t:]j
¥ = {x'L'ﬁ'{t],x'gf-" {t],x';'j (£, ...,x'f () forj=012...m-1 ©)

£(ex()X@.X0, .. x"P@) =
f (t x, (6, x5 (8), x4 (8), .. x (8 2"y (), x5 (), "o (), ... x " (8)s x” (), x" 2 (8), x5 ()., x", (8D,
2V (), 2P (), 2 ﬂ{ﬂ X ﬂ{t]:l fm"
=12 ()

In other form the system is

x'lim(t] = fltx, (0, x; &), x,(8)..... x,(8); =", (&), x5 (0), x5 (). x (8D x™, (1),

B O3 P S (3 JOOE S 3 PO Sl (3 P Sl (3 P St O WL Sl €9
for i=1,2,3..n
Since the system of (NODE) (1) with the initial condition (2) is equivalent to the
integral equation:
X(8) = €0+ TS 'j‘“”+f;f§1 2. [t 2 g o x (s ), X9, X,
Xm-0(s)) ds,dsy, A5y g ods;ds, (8)

we denote the right hand side of (8) by the nonlinear operator @ X }t; then prove that this
operator is contractive in a metric space £ subset of the Banach space & of the class of
continuous bounded functions x(tJ e c™(R ) defined by:

B={{tx(t)X®.X®, .x"2%0 )t —al <. | X7 @®O-c/|=Ti <o, for j=0,12....m—
1}

1 o ©)

where T/ = max,.;.,{T’}.T/ are the upper bound for
| x @ - @ | fori=1.23,...n. j=0,123,...m~ 1, and B is equipped with the weighted

norm:
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1%l = max_(exp(—vLl—al) T A EIG]) (10)

which is known as Bielescki's type norm. v= 2, L = max(1.1) are finite real numbers,

where [ =max( ;). I; is the Lipschitz coefficient of £ x(¢), X (&), X" (&), ...

x'™m=Yy) for i=1,2.3,...n in B1 (asubset of the Banach space B given by (9)) defined by:
Bl={(t, X(tL XX ®, .. X™ 0@ |t —a] € T | X ®-c/ =T (11)

where T* = ming em_, {T7}, and T,, a finite real number.

Concisely we will write ( & {x" {ﬂ};:_,l] instead of (& X( )X (. X", ... x™ (),

When the function F in the right hand side of (1) depends linearly on its arguments
except ¢, then equation (1) is an =™ order system of linear ordinary differential equations
and to prove the existence of a unique solution for it in [a—T,.a+ T, ] one usually prove
that component wise in a neighborhood ¥z( a3} for t € [ a.a + & ], then doing the same steps of
the proof for t € [a — 6.a]; after that use another theorem to show whether the solution do
exist forall te [a —T,.a + T ] Or not as in [3]. By the theorem which we are going to state
and prove in this paper one can easily prove the existence of a unique solution for = order
nonlinear systems of ordinary differential equations on the general form (1) for all
tela—4&a+&6] directly in a very simple metric space E consisting of the functions
X(t)eC™a-T,a+T,], subset of the Banach space (9) [4], and equipped with the simple
efficient norm (10) [5], which is a simple modification on the Bielescki's type norm
suple™"® x(z)) using in [6]. Moreover if the Lipschitz condition (12) is guaranteed to be
satisfied in the Banach space (9), then the theorem guarantees the existence of a unique
solution for It — al = == in most cases and not in general as mentioned in [7].

Note that this theorem is valid for m*™* order linear systems of ordinary differential
equations as well.
Il. MAIN THEOREM
Now, we are in a position to state and prove our main theorem.
Theorem: Let us have the system of ( NODE ) (1) with the initial conditions (2), and suppose
that the function F in the right hand side of (1) is continuous and satisfies the Lipschitz
condition:

F(& ()X @20, .. X" 2@)-F (& ¥ )Y OV @,...y "2 ®)| =

|Fe. {xt {ﬂ}:‘;[_fj —Feer? {r]};."‘:j | < LE7 X0 -y P (12)

in B1 given by (11); then the initial value problem (1) and (2) has a unique solution in the

{mm +1) dimensional metric space E ( of the functions X(t) e C™[a—6.a + & ])=E defined by:
E={t X(t)LX®.X®, .. X™2@ )|t —al =& | X @-c/|=T7  (13)

such that & = min( Tm,%j; where M = xz;r;l—“'f,'ri; x = max(|ci], M),

€/ = max,;enle! ) M* = max, ;.. (M, J.and M; is the upper bound of I£lin  B1,ie.:
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(£ X X@.X @, .. x™00) i v (£X(£),XO.X @, .. x™2@)) e B1
(14)
Proof: Integrating both sides of (1) froma to ¢ m-times and using the initial conditions (2),
we obtain the system of integral equations (8).

To form a fixed point problem X(t) = ¢(x)¢ denote the right hand side of (8) by Q(x),
and to apply the contraction mapping theorem we first show that ¢: E — E; then prove that ¢ is
contractive in E.

We see that:

|Q':X:]t—f.i'|{2r_r.—1| ||.‘ |:‘-|J

| T A X2 (9,57 (), o, XD dsds,y

A5y ds, ds,_|=izr' 1.|L—J|Ir ald PI.Jjﬂlr r.'I < er lr_-::lJ. (15)
Therefore.
QU — €Ol wTm, = = e —al T, 0 o s < e (16)

which means that Q:E — E.
To prove that Q is contractive, we consider the difference:
QU - Q)el =< | [ 72 57 5 [P (P 90} 50y -

—F (. Y@} lds dSpy dsp_s .. ds; ds; ], (17)

or equivalently:
lg:(X) — q;(¥) | =
22 T TR — £ (V) lds dSpy dsp_s ds, ds, | (18)
fori=123..n
which according to Lipschitz condition (12) yields:
lg: (%) — q;(¥) | =
T B I [ ) — 9P )] ds a5y dSps - ds; dsy1(19)
such that (%) = [¢, (@), g, (X @), g2 (X)) -~ g, X&)’
Multiply the right hand side of (12) by e~vt/*=2l gv&l*-2l and get:
Q)¢ — Q¥)el <
e el T LB B e 0 - 5 )] el x
x evlralgeds . ds. . ..ds;ds,| (20)
Inequality (20) leads to:

t o2

t o2y

t 2y

Q) — ¥)el <
S L (g (o T B [P ) - 57 @] )
x evtlt-el )dsds, . dsy_;..ds; ds,| =
= LR e L s (7 SO - v O] x
x gvilt-al }ds 05y G5y _g o 055 454 (21)
According to (10), the norm definition, inequality (21) becomes:

t gy
:—:LEE
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QM) t— Q¥ ¢l =
< LI — VI |f 5 2 [ [t evtdlds 45,y dsp_y . ds, dsy | (22)

Manipulating the integrals in (22) we obtain the following inequality:
QU t — QW) el < Lllx — ¥l | L (evtle-el 1) — yregr =t /|

e "LJ.,:'

m—1
1 ':'L’I-lt o al:]'l
B vilt-al _ —_—
= Llx -l ({pmm (evet U+ Z jt (wE)m )5

= Lllx — ¥l ( {g'l.-l-lf al _ } Z {:L !:L—L:]ﬂ-rrl:] )_

wlr al _ ) (23)

= llx - Vi (Mj

Q) t — Q¥ tl = llx — ¥l (a

— {ngIr—:I _ 1}) (24)

Multiplying both sides of (24) by e~**t-2l |eads to:
al
—viL|t—al _ i

e~vHr=elQx)e —Q¥)el = T

=1 — e )lix — vl (25)

The most right hand side of (25) is independent of ¢, thus it is an upper bound for its left
hand side for any It — al = &; whence:
maxie—glss (e~ M 1Q00 € — QW) £ —2— (1 - &)X — VI (26)

which, according to the norm definltlon (10), gives:

(1—evtlr-al Jlix vl <

wwpm—1

lRCx) — Wl = — (1-e )X - ¥l < (1—e~v28)llx - VI (27)
Noting that for finite L = 1, v= 2, and m=1we have
- =1.

“|1'"1.1—.

Since 0 < (1 — e *%€) = 1; then Q{X] t is contracting in E and thus has a unique solution for
tela—6a+ 5l

I11. An Application
As an application of the result established in the previous section, in what follows we select
the exact solutions:

.ri = t-
i) =" (28)
x3(£) = sint
and construct the following system of nonlinear ordinary differential equations:
T = 6 af 4 20488
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23 (1]
:Tgn = 2" —x, (29)
3 .
d ::su_r_w = 2x,sint — x3 + sin®t

If we set t = 0in (28), we get

d dz
=0} =0, EI{"CU] =0, dtr{{ﬂ] =0
0 =1 £x30=1 x50 =1 (30)

d d*
I!{U:]:U_. EIE{D:]:]-.- EI!{U:':U
As the initial conditions to (29).
Selecting positive finite real numbers T/ for i = 1,2,3, j=0,1,2, we find that
=T/ leads to

e, =T lxegl = Tl el = T8 lxa =T+ 1, Ixbl =T+ 1 (== T2+ 1, lx | =T Il = T+ 1,
and |x3| = T

[ j
W
|x i Ci

In E1 we have
A XXX =16 —x] + 2x,t®] =6 + (T7)* + 2T (T, )2 + (T, )8,
A XXX = |26 —x,| =2e™ + TP + 1,
and
At XX X" = 2% 5int — x3 +sin?e] = 270 + (T7)2 + 1,
i.e.
M, =6+T"2+2TNT, 2+ (T, 05 M,=2e™+T 4+ 1,and My =™+ T] +1.
Hence M* = max{6 + (T/)* + 2TP(T,. )% + ()5 2e™ + TP+ 1L e™+ TP +1 1 (31)
Next, we check the Lipschitz condition for £. f. and f:
AEXX. X )-AEV.Y. YN =106 —xf+2x,t%) - (6 — 3’ + 2y t%) =
= QTP+ 2T, P00x - ¥l + X =¥ +1x" = ¥"]),
therefore £ satisfies Lipschitz condition (12) in 1 with Lipschitz coefficient
[, =2T¢ + 2(T,, P,
LG X)) - VYY) =126 —x; )— (e’ — 3, N =
=X —vl+1x —v+1x" —¥"D), (32)
i.e., f satisfies Lipschitz condition (12) in B1 with Lipschitz coefficient i; = 1,
£ XXX - V.V V") = (2xgsint — xI + sin®t) — (2yy sint — 98 +

+sin?8)| < 200 + TAX =¥ 41X - ¥ + 12" —¥"]) (33)
whence £ satisfies Lipschitz condition (12) in B1 with Lipschitz coefficient
;=201 +T". (34)
Therefore,
L =max(2T? + 2(T,, 0% 1,20 + TF) ). (35)

Now |c/| =1, x = M*, and M 5&:’*(1 +§Tm+§{1f},,]‘].

These calculations lead to:
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-
d=min|T, —
’ M _1.+:‘.rm+El.:rmj2:|

where T* = ming. ., {T* T T,
So, we find that the unique solution exists in the interval It —al < &

Conclusion
We see that the contraction coefficient 0 < (1 — e=*%¢) < 1 for any finite & = 0 which

means that the solution for the problem under consideration is, in fact, guaranteed globally
for

it —al = T, and not only locally for |t —al = 5. Moreover; in most cases; if the function F in
the right hand side of (1) is continuous and satisfies Lipschitz condition in Banach space (9)
with finite positive Lipschitz coefficient then the theorem is proved for ¢ in any interval I of
finite length because the contraction coefficient will be positive and less than

(1— —e—+220) = 1; where u(I) is the measure of the interval 1.
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